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CHAPTER I 



INTRODUCTION 

Orientation to the Problem 

Since mathematics, and the sciences in general, are becoming in- 
creasin^y important subject areas in the school curriculum on all 
educational levels, much revision and restructuring in content has 
been and is being done* Such reorganization is evidenced by the many 
experimental programs in the "new math." Such programs are the Univer- 
sity of Illinois Committee on School Mathematics (UICSM) , the Madison 
project at Webster College in Missouri, the School Mathematics Study 
Group (SMSG) at Stanford University, the Ball State University experi- 
mental mathematics program in Muncie, Indiana, and the Minnimath Pro- 
gram at the University of Minnesota, New approaches to content 
presentation in physics (Physical Science Study Committee - PSSC) , 
Biology (Biological Sciences Curriculum Study - BSCS), and chemistry 
(CHEM Study Program) are also being tried. 

In the field of mathematics, Marks, Purdy and Kinney discuss this 
activity toward reorganization of content: 

The school mathematics curriculum at every level from 
the primary grades through the high school and college pre- 
sents a scene of reexamination and innovation. Different 
emphases, different grade placement, new topr’cs, changed 
methods for promoting learning, and new materials - both 
textbooks and multisensory aids - are characteristic at 
all levels, ( 37 9 p. l) 

Spencer and Brydegaard say: 

Todays s school program emphasizes problem-solving in 
which the learner is challenged to question, to experiment. 
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and to explore, in order to find basic ways of attacking 
problems# Learning is concsived to be a personal achieve- 
ment that can be accomplished only through problem-solving 
behavior on the part of the learner# (6^, p# v) 

If one glances through a mathematics textbook with a current publi- 
cation date, he finds very different content and format than was used 
in a text in the same area ten years ago# Mathematics textbook authors 
admit the influence of the experimental work cited above. Robison states 
in the preface of a college text in modern algebra and trigonometry: 

In selecting the content of this book, I have been 
guided by the recommendations of various curriculum study 
groups, such as the Committee on the Undergraduate Program 
in Mathematics (CUPM)# The textbooks of the School Mathe- 
matics Study Group (SMSG) influenced much of the writing# 

(^1, p. 7) 

In the preface of a beginning college text that uses a somewhat rigorous 
approach, Britton, Kriegh and Rutland state: 

This is the first of two volumes that are intended 
to provide college and university students with a sensi- 
ble continuation of the modern approach to mathematics 
that is being introduced in most elementary and secondary 
schools, with more emphasis than in the past placed on an 
understanding of fundamental concepts. Certain advanced 
topics in algebra and trigonometry, along with analytic 
geometry and calculus, are unified into a sequential ex- 
pos :U; on that eliminates much unnecessary duplication and 
is - r-uducive to an efficient development and use of ideas 
and techniques. Fundamental concepts are discussed in a 
reasonably rigorous fashion, with adequate emphasis on 
important skills, and without an excess of sophistication. 

Many applications of mathematics have been included, and 
they have frequency been made the motivation for the in- 
troduction of mathematical concepts. An intuitive dis- 
cussion often precedes the formal treatment of a new idea, 

(8, preface) 

Although content reorganization is important for effective teaching, 
so is teaching method. ¥e often hear Bruner's thesis debated: a child 

can learn any topic if it is presented in an "intellectually honest" 
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manner o (9) In mathematics, in particular, Kaplan believes that not 

only is teaching method important, but that it has changed as a result 

of change in contento He ijrites: 

Ety now, most people are aware that a "revolution" has 
taken place in bhe teaching of arithmetic - mathematics -• 
in our schools. This revolution is not only of content 
but of approach* ( 26 , preface) 

Yet, educators would not dispute the fact that content and method 

are intimately related* Swenson concludes? 

True, some teachers do -overemphasize subject matter 5 they 
do act as if the arithmetic in and of itself were more im- 
portant than the people who are to learn arithmetic* The 
critics of this attitude, however, are just as naive when 
they declare that we should teach children instead of 
arithmetic* Both these points of view lead us nowhere 5 
they advocate purpose impossible of achievement* ( 68 , p. 12 ) 

Others feel that personality and rapport of the teacher are as im- 
portant as content and teaching method* This is true because the latter 
creates positive or negative attitudes toward the subject area* In a 
doctoral study dealing specifically with attitudes of prospective ele- 
mentary school teachers, Purcell concludes? 

With students entering (college) with better prepara- 
tion in mathematics and the resulting more favorable atti- 
tudes (as shown by the study), it will be possible to 
increase these favorable attitudes even more as a result 
of planned college instruction directed at changing atti- 
tudes toward elementary mathematics* The teacher shortage 
will continue, but the experimental study results give in- 
dications that more favorable attitudes are being achieved* 

Thus, the teachers entering on their careers have more 
favorable attitudes toward elementary mathematics. ( 1 ^ 8 , p, 89 ) 

In summary, it can be said that a combination of effective teaching 

method, wholesome teacher personality, and appropriate content is to be 

sought in any satisfactory pupil-teacher relationship. Johnson supports 

this statement. 
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Mathematics instruction must do more Idian build an 
understanding of the logical structure of mathematics, 
even while acknoxjledging that this is the basic founda- 
tion for understanding mathematics* 

The mathematics program must in addition, strive 
for broader objectives, such as creativeness, habits, 
attitudes and values - objectives which are increasingly 
difficult to attain and to measure. (2I4, p» l85) 

Let us now look more closely into the area of teaching methods, 
considering the teaching of advanced mathematics topics in particular. 
We can ask, "If subject matter is taught by two different teaching 
approaches, by which approach will a student learn more effectively?" 
Such a question Is empirically verifiable and researchable. 

For the teaching of advanced topics of a disciplint;, teaching 
methods have rarely been investigated. Such an investigation, if con- 
ducted at all, has usually been secondary to some other main area of 
investigation, (ll) Perhaps little research exists in this area be- 
cause it is felt that those studying an advanced topic are above-aver- 
age in intelligence (however measured), highly motivated, and will 
learn under almost ary reasonable teaching conditions. In a study by 
Ady at the University of Wisconsin, an experimental group and a con- 
trol group of student teachers in an advanced education course were 
given two review methods over lecture material. He concludes: 

Although there were no measurable differences in 
learning results between the visually programmed self- 
evaluation item group and the verbal leaderless discus- 
sion group, the subjects did express different opinions 
about these instructional methods© The visual programmed 
item group believed their method was "organized," "helpful," 
and contributed to "hi^ learning" and "high retention." 

On the other hand, the verbal leaderless discussion group 
believed their method was "lively," "interesting," "good," 
and "intelligent." (l, p. 127) 



Also^ those teaching advanced topics may not have teaching as their 

primary concern* As Sharp states: 

... I can think of at least three reasons for university 
teachers neglecting undergraduate students 5 » . * 2) Despite 
pious declarations in faculty handbooks and administrative 
speeches good teaching is not rewarded. If one wants to 
get ahead^ one publishes | dull or disorganized teaching 
■will not hurt one^s chances muchj and successful teaching 
will be noticed only by the students. (59, P« 75) 

Yet^ this investigator believes that even in an exact discipline 

such as mathematics, a highly motivated student may experience more 

permanent and meaningful learning of an advanced topic by one teaching 

approach than by another. The investigator also believes that when 

superior teaching approaches of advanced topics are used, good teaching 

will be recognized and rewarded. 



Review of the Literature 

There is a decided absence of empirical studies relating to the 
teaching of advanced topics in mathematics including the teaching of 
calculus. 

In the field of science, however, two studies are relevant. A 
study by William Schefler investigated the teaching of college freshman 
biology by an inductive laboratory approach and a traditional lecture 
approach. Four groups of students were taught by two instructors. 

Each instructor had both an experimental and a control group. A pre- 
test on genetics was given. The original hypothesis favored the induc- 
tive method. An analysis of covariance was performed at the .05 level 
of significance, investigating the following hypothesis: 

When an inductive laboratory approach to teaching a unit cn 

genetics is con^ared with a traditional lecture-illustrative 
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laboratoiy approach^ students taught by the inductive 
laboratory approach will show a significantly greater 
achievement in terms of the following criteria: 

(1) Knowledge of facts and principles, and their applica- 
tions, as measured by a genetics test, 

(2) An understanding of the nature and methodology of 
science, as measured by the "Test on Understanding 
Science," 

(3) An interest in science, as measured by the scientific 
subscale of Kuder Preference Test, Form C, 

(il) A positive attitude toward scientists and science, as 
measured by an application of the semantic differential 
technique, (56, p. 7) 

A significant difference was found in group test scores only on the 
basis of instructors. No support for the original hypothesis was found, 
Schefler concludes: 

Referring back to the main hypothesis of this study, it is 
apparent that within the limitations imposed on the data, 
the hypothesis concerning a significant difference in achieve- 
ment between students taught by an inductive laboratory method 
and those taught by a traditional lecture-illustrative labor- 
atory approach is not supported by the evidence. Specifically, 
this study has provided no evidence that the experimental method 
was superior to the control method in terms of achievement as 
measured by the specified criterion instruments. It should 
also be reiterated that this study has at the same time pro- 
duced no evidence that the inductive laboratory approach is 
inferior to the traditional method used. 

The evidence provided by the data suggests that the 
effects of teacher difference may be of greater significance 
than the effects of methovd difference, and suggests a possible 
need for further research in the area of teacher effects on 
achievement, (56, p, 5W 

In the area of high school chemistry, Q' Connell compared an induc- 
tive and deductive teaching approach. She concluded that inductively 
taught students had a more thorough knowledge of chemistry than those 
taught deductively, (iil|, p, l679) 
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Wallace studied the effects of two self-instructional methods of 
improving spelling in high school and college. A traditional deductive 
text and a programmed inductive text, of 103 frames, were used with 
606 high school and college students in 26 paired experimental 
classrooms. One member of the pair used the traditional text and the 
other the programmed text. The following conclusions were formulated 
as a result of the study? 

1. An analysis of covariance on raw scores on the Traxler 
High School Spelling Test, Form I, before instruction, com- 
bined with the mean score on 13 tests during instruction 
showed no significant difference for method alone. 

2. An analysis of variance on Terminal Traxler, Form 2 
test scores after instruction showed the boys with the 
programmed text made higher scores , significant at the 
.0^ level. Such a finding was absent for the girls in 
the study. 

An analysis of variance showed girls were better spel- 
lers before, during and after instruction than boys. 

il. General improvement in spelling was found, due to stu- 
dents' self-instructional efforts, irrespective of method. 

Effort seemed more decisive than method. (72, p. ^80l) 

For studies investigating different teaching approaches in ad- 
vanced topics in mathematics, we can cite Shelton's findings for his 
hypotheses on teaching the limit concept in beginning calculus by an 
inductive and deductive approach. He concludes: 

Any generalizations based on results of this study 
must be made with caution, but for the particular popula- 
tion, treatments and criterion test used in this study the 
following conclusions were drawn: 

1. No advantage in achievement of either treatment 
program was apparent. 

2. No difference in achievement between the two 
levels was found. 
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3. No advantage in achievement of either treatment 
program for a particular level was apparent, 

(60;, p. 61) 

Kenneth Cummins replicated a study in the teaching of selected 

topics in calculus at the secondary level for a one-quarter course. 

The one-quarter experimental sections were conducted for 
two quarters in an atmosphere rich in encouraging dis- 
covery^ whereas the control groups were taught more or 
less traditionally by capable men of long university 
teaching experience. The same text was used in all 
sections, (lii^ p. l63) 

Using a regression analysis involving previous grades, a pre-test, the 
American Council of Education Psychological Test, a test designated 
Test A for the traditional section, and a test designated Test One for 
the experimental section, the following results were obtained: 

a. The students in the experimental group scored on the 
average 27«10 points higher on Test One than would be 
expected on the basis of their preliminary test scores 
(significant at the 1 % level). 

b. The students in the traditional group scored 5l.59 
points lower on Test One than would be e^qDected 
(significant at the 1^ level), 

c. The difference was not significant on Test A. 

(lli, p, 168) 

Many articles by mathematics teachers, educators, and research per- 
sonnel at all academic levels state views on inductive methods which are 
sometimes called discovery or heuristic methods and deductive methods 
of presentation. Let us consider some of the views of these authors. 

In questioning and supporting the value of both procedures, Clark 
writes: 



. . • Should both procedures be used? Most teachers today 
are searching for workable transitions from the informal- 
intuitive to the formal-deductive. This search is a 
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significant aspect of the current "reform movement" in 
teaching elementary mathematics, (l2j p* 99) 

Courant write ss 

The interplay between generality and individuality, de- 
duction and construction, logic and imagination - this 
is the profound essence of live mathematics* Any one or 
another of these aspects of mathematics can be at the 
center of a given achievement. In a far-reaching develop- 
ment, all of them will be involved* Generally speaking 
such a development will start from the "concrete" ground, 
then discard ballast by abstraction and rise to the lofty 
layers of thin air where navigation and observation are 
easy? after this flight comes specific goals in newly 
surveyed low plains of individual "reality," In brief, 
the flight into abstract generality must start from and 
return again to the concrete and specific, (13> P* ^3) 

To support an inductive method, Schlinsog states: 

Conteir^Dorary conceptions of teaching place less emphasis 
on the familiar "telling and showing" approach and more 
emphasis on student discovery, T^ile psychologists have 
not devised an adequate theory of instruction and while 
they hold many conflicting ideas, there are some basic 
principles upon which they tend to agree* Readiness, 
motivation, exploration and discovery, feedback and re- 
inforcement have been widely discussed elsewhere* 

(57^ P. 293) 

In a dialogue between a student and teacher involving the introduction 
of the commutative property of addition in the elementary school, Rup- 
key favors the inductive method. He wishes one to draw this conclusion 
when he questions: 

Both teachers taught topics from modern mathematics, but 
were both teaching modern mathematics? Can a teacher use 
a modern text and yet fail to accomplish the most mpor- 
tant objectives of modern mathematics? Which method of 
teaching - inductive or deductive - is more useful in 
teaching modern mathematics? (52, p, 220) 

In teaching the specific process of differentiation in calculus. 




Saxelby says: 
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, o • it too often happens that a student • • • acquires a 
merely fatal facility in differentiation^ regarding it as 
a mechanical juggling with symbols but having no conception 
of its relation to es^perience. p. v) 

He then addS;, in support of an inductive approach^ 

, , , this intuitional direct vision method is intended, 
not to take the place of, but to prepare the way for, a 
more rigorous analytical study of the subject. • • • The 
most natural method of advance is by a series of succes- 
sive approximations to logical rigor, and, in fact, this 
is the way in which the subject has actually grown up. 

... The process by which the science itself was formed 
is also the most natural for the mind of the student. 

(^il, pp. v-vi) 

The number of empirical studies of inductive and deductive teaching 
methods is small, particularly in advanced mathematics topics. Thus, 
it might be helpful to consider the presentation of the topic of this 
study, the derivative, as given in calculus textbooks. 

In these texts, the teaching of the derivative concept in calcu- 
lus eventually presents the definition of the derivative as the limit 
of the difference quotient ^ , the derivative interpreted as the slope 
of the tangent line to a curve, and instantaneous velocity and general 
rate of change. The ancillary notions of limit and continuity are not 
considered. The deductive approach is considered as proceeding through 
the above topics in the order of the definition of the derivative, fol- 
lowed by one or all of its interpretations, in any order. The inductive 
approach begins with some or all of the applications of the derivative, 
followed by the definition of the derivative, again possibly followed 
by one or more of the remaining applications. Thus, we see that there 
can be a variety of both the inductive and deductive approaches. 
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Most textbooks in beginning calculus present the topic of the deriv- 
ative in a deductive manner. This is probably a typical approach to the 
writing of a text book. Such an expository presentation is given for 
both ease of writing and conservation of space. The reader may be con- 
fronted with the phrase "the reader can easily prove" or a similar 
statement. In this case^ a deduction is implied^ for which the reader 
is to supply his own proof. Appropriate examples follow such a 
statement. 

Or the reader may be confronted with the phrase "it is intuitively 
obvious" or a similar statement. Here a form of induction is sometimes 
implied. In these cases, the reader is asked to make the inductive 
leap to the desired generalization by a series of reasonable and "ob- 
vious" examples. 

The investigator reviewed 33 calculus books dating from 1911 to 
the present. These books are listed in the bibliography. The topic 
of the derivative is deductively by 23<, inductively by nine, and by a 
combined approach in one. This last approach, in Menger, Calculus , A 
Modern Approach , is on the abstract level, so one might say it is 
deductive. Yet, for the derivative in particular, the slope of the 
tangent line to a curve is used throughout the text as a way of intro- 
ducing other more formal ideas, theorems and corollaries. For one fa- 
miliar with Merger's approach to calculus, a further analysis is 
difficult, since his presentation is somewhat unconventional and cannot 
be categorized as clearly inductive or deductive as defined above. 

Most revisions (second or third editions) are inductive or deductive 
according to the original printing. This is probably the case because 
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revisions frequently involve only changes of language^ increased preci- 
sion of wording, small inserts of supplementary material, and correction 
of errors. The total structure remains essentially the same as the orig- 
inal edition. This we see in the deductive approach of Love, Differen - 
tial and Integral Calculus (I9il3)5 Love and Rainville, Differential and 
Integral Calculus {l9$h) ^ and Rainville, Unified Calculus and Analytic 
Geometry (l96l), each of which follows the sequence of the definition 
of the derivative, slope of the tangent line to a curve, instantaneous 
velocity and acceleration, and related rates. 

In Thomas, Calculus (1953) and Thomas, Calculus and Analytic Geom - 
etry (1962), inductive approaches follow the sequence of the slope of 
the tangent line to a curve, the definition of the derivative, instan- 
taneous velocity, and related rates, Leighton, Calculus and Analytic 
Geometry (i960) reorders the chapters of Leighton, Calculus (1958), in- 
serting a chapter on curve discussion before the derivative discussion. 
This is understandable since the added topic of analytic geometry is 
presented in the latter edition. In both editions, the derivative pre- 
sentation is deductive 5 i,e,, definition of the derivative, instantaneous 
velocity, related rats, and slope of the tangent line of a curve are 
presented deductively. 

The editions Wade, Calculus (1953) and Taylor and Wade, University 
Calculus (1962) are exceptions to the inductive or deductive approach 
being used in both editions. The former presents an inductive approach 
for the derivative (slope of the tangent line to a curve, definition of 
the derivative, instantaneous velocity, general rate of change). The 
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latter gives a deductive approach (definition of the derivative, slope 
of the tangent line to a curve, instantaneous velocity, related rates), 
Morrey, University Calculus and Analytic Geometry (1962) and Pr ot- 
ter and Morrey, C ollege Calculus with Analytic Geometry (l96l|) follow 
essentially the same deductive approach (definition of the derivative, 
slope of the tangent line to a curve, instantaneous velocity, and re- 
lated rates) , One is not surprised at no change in this case since a 
lapse of only two years prompted no more than a superficial revision# 

Granville, Elements Differential and Integral Calculus (19^2) , 

a reprint of the 1911 version, Granville, Smith and Longley, Elements 
of the Dif f e re nt ial and Integral Calculus (l9ill) and ( 191^6) , and Longley, 
Smith and Wilson, Analytic Geometriv and Calculus (19^2) all have almost 
identical deductive approaches (definition of the derivative, slope of 
the tangent line to a curve, instantaneous velocity, related rates), 
with the interchange, addition and expansion of certain selected chap- 
ters in the last text, 

Peterson, Elements Calculus (3.9^0) and Peterson, Calculus with 
Analytic Geometry (i960) both exhibit inductive approaches (general rate 
of change, definition of the derivative, slope of the tangent line to a 
curve, instantaneous velocity and acceleration) , There is an insertion 
of two chapters on analytic geometry in the latter edition. 

For the inductive approach in Calculus in the First Three Dimensions , 
Stein writes? 

The introduction of many concepts, such as the definite in- 
tegral, the derivative and the limit of a sequence begin with 
numerical examples and exercises. This is done not only to 




make the abstract concrete;, but also to compensate for a 
lack of down-to-earth mathematical experience in hi^ 
school. In particular ^ both the definite integral and 
the derivative are precsded by four of their applications. 
(66, p. Vi) 



Nature of the Study 

This study is concerned with the problem discussed in the last 

paragraph of the first section, that of investigating two teaching 

methods in an advanced subject matter area. The specific area of 

teaching method investigated is mathematics. In this area, the limit 

and derivative concepts in calculus are the topics. Allendoerfer has 

stated that the limit is an important concept in calculus. 

The essential idea in calculus is that of limit , and 
without a clear exposition of limits any calculus course 
is a failure. . . . There are those, however, who begin 
the course with a brief, but full dress, treatment of 
limits, using the epsilon-delta technique. This almost 
universally is wasted on the class, for they are con- 
fronted with a difficult new idea without an intuitive 
preparation. (2, p. 

The present study is an outgrowth of a similar study by Ronald M. 
Shelton in the teaching of the limit concept in beginning calculus by 
two different methods. Shelton presented this concept by a concrete in- 
ductive approach defined as: 

Concrete inductive approach : a presentation of a sequence 

of items leading from specific numerical examples in which 
students will calculate the limits of particular functions 
at a definite point by appeal to intuition to the general 
case of a general function at any point. After the general 
case is reached rigorous proofs will be presented. (60, p. 8) 

He also presented the material on the limit by an abstract deductive 

approach defined as: 



Aijstract deductive approach : a presentation of a sequence 

of items leading from the abstract 6-e -definition of a 
limit of a function to calculating the limits of particular 
functions at a definite pointo (60, pp« 8-9) 

The samples Shelton used in two independent studies were small, 
one of 2 I 4 subjects and the other of 28® The two groups were divided 
into high and low achievers (levels) on the basis of pre-test scores. 

From a 2 X 2 (levels X treatments) analysis of covariance design, tests 
of significance made at the level showed no statistically signifi- 
cant difference in treatments, between levels, or in interaction, as 
measured by a criterion test constructed by Shelton, 

The investigator believes that perhaps there might have been a 
significant difference in treatments, h&d the samples been larger and 
had other variables been controlledo Yet, results of similar studies 
to be cited later are not encouraging. In the present study the inves- 
tigator replicates Shelton's study and, in addition, develops two pro- 
grammed units that teach the derivative concept in calculus by an 
inductive and a deductive approach. The present study then attempts 
to determine the effectiveness of learning, as measured by an achievement 
test, that results from using various combinations of inductive and de- 
ductive methods of presentation of the limit and derivative topics. 

The purpose of using programmed materials in the experiment is to 
remove the ’’teacher variable” and thus control the method of presentation, 
Scandura discusses the problems with the ’’teacher variable” in educational 
research. He states: 

As you well know, the traditional methods paradigm for re- 
search on teaching and learning has been designed to assess 
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the relative effectiveness of two or more instructional 
methods* A major difficulty with this sort of research 
is that too often both method and content are varied si- 
multaneously but not independently. Such an approach 
allows one to say nothing about either separately, 

(5^, p. 131) 

It should be noted that a study of teaching methods may yield dif- 
ferent results for "live" teaching compared to "canned" or programmed 
teaching. Students may tend to become bo3?ed with the latter and lose 
interest in the material. Thus, a real difference in teaching methods 
presented by programmed materials may be masked. E^qDerimental and con- 
trol groups may both receive low scores on a criterion measure. Their 
dislike of the method of presentation may cause hostility and low 
scores in all students to a greater degree than teaching method might 
cause differences in scores in the experimental and control groups. 

During the course of this study, classroom teachers were to do no 
more than answer individual student questions over the written text 
material. This procedure was stressed to insure that learning took 
place from the programmed units entirely. This way, apy change in 
criterion test scores could be attributed to the teaching methods pro- 
grammed into the units. If some students were reading far less than 
the minimum number of frames per day, these students were allowed to 
take their units home to finish the reading in approximately a week^s 
time. In such a short time period it seemed reasonable to assume that 
a student would not have time to read the alternate treatment. 

The investigator wrote two programmed units of comparable length 
to teach the derivative concept in beginning c Iculus. One of these 
units was written by an inductive approach and the other by a deductive 
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approach. (See Shelton's definitions of these terms cited above.) These 
units were paired with the limit units to insure that all students par- 
ticipating in the study had comparable preparation for the derivative 
unit. The derivative unit assumed familiarity with the limit concept 
as prerequisite knowledge. Thus, there were four treatments: induc- 

tive limit-inductive derivative, inductive limit-deductive derivative, 
deductive limit-inductive derivative, deductive limit-deductive 
derivative . 

Each participant was given the pre-test for the limit unit. On 
the basis of the score he received on this pre-test, he was assigned 
to a hi^ or low achievement group (level). On either level, the four 
treatments were randomly assigned. Scores on the common derivative 
criterion test are used in an analysis of covariance to determine if a 
statistically significant difference existed in treatments, between 
levels, or in interaction. 

A pilot study on the derivative units showed that the text mater- 
ial did indeed teach the derivative concept somewhat effectively. The 
units were revised from suggestions obtained by students participating 
in the pilot studies. 

It is to be noted that this study is not intended to evaluate pro- 
grammed instruction. This method of text format is only the vehicle of 
instruction. Yet, some ancillary effects of the programmed texts may be 
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Statement of the Problem 

This study is to determine if there is a difference in learning 
the limit and derivative concepts in beginning calculus as measured by 
a common criterion test. An ordered combination of two teaching ap- 
proaches for the two sequential topics of the limit and derivative is 
used. The two approaches are concrete inductive and abstract deduc- 
tive and the two sequential topics are the limit and derivative, in 
that order. All four possible pairings for the two units are con- 
sidered and constitute the four treatments: inductive limit-inductive 

derivative, inductive limit-deductive derivative, deductive limit- 
inductive derivative, and deductive limit-deductive derivative. The 
problem is to determine if there is a statistically significant dif- 
ference in the four treatments among the two levels (hi^ and low) 
used in the study, employing an analysis of covariance on the common 
criterion measure. 

The study attempts to determine if ability and knowledge of mathe- 
matics before beginning the study of calculus, and the method of presen- 
tation of a beginning topic in calculus, would have an effect on learning 
this topic of the derivative by its respective method of presentation. 
Shelton's study is also replicated. 

Statement of Hypotheses 

A replication of Shelton's original study is felt appropriate, to 
test his non-significant findings for small groups of 2h and 28 students 
in each of his two independent studies of an inductive and deductive 
treatment of the limit concept. In the present study, Shelton's three 
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null hypotheses are investigated: 

LI. There is no difference in the results on the achievement 
test on limits after adjustment for the scores on the pre-test between 
the two treatments, 

L 2, There is no difference in achievement as measured by the 
test on limits between the two levels used in the experiment. 

L 3. There is no interaction between treatments and levels — 
the treatments will produce similar results at both levels, (60, p. ll) 

In the present study, two areas of investigation are of interest. 
These are the total treatment used for both the limit and derivative 
units, controlling for the pre-test score, and the treatment used only 
in the derivative unit, controlling for the pre-test score. For the 
total treatment, three null hypotheses are investigated: 

T 1, There is no difference in results on the achievement test 
on the derivative among the four total treatments after adjustment for 
the scores on the pre-test, 

T 2, There is no difference in achievement as measured by the test 
on the derivative between the two levels used in the study, controlling 
for the pre-test score, 

T 3. There is no interaction between the four total treatments 
and two levels* 

For the derivative treatment alone, since results from the pilot 
studies seemed to favor the inductive approach, we might state three 
one-tailed hypotheses. However, evidence from other studies give little 
support for the superiority of an inductive approach over a deductive 



approach. Hence, the three hypotheses under investigation for the deriv- 
ative unit are also two-tailed hypotheses: 

D 1. There is no difference in results on the achievement test on 
the derivative, controlling for pre-test, between the two derivative 
treatments. 

D 2. There is no difference in achievement as measured by the 
test on the derivative, controlling for the pre-test, between the two 
levels used in the experiment. 

D 3. There is no interaction between the derivative treatments 



and levels. 



CHAPTER II 



DEVELOPMENT OF TREATMENT AND EVALUATION INSTRUMENTS 

Selection of Material to be Learned 
It is felt that a sequence of concrete applications of the deriva- 
tive (slope of the tangent line to a curve, instantaneous velocity, 
general rate of change), leading to the fornal limit definition of 
the derivative, is more effective than the presentation of the formal 
definition, followed by applications. If such is the case, it might 
be possible to teach the important and basic topic of the derivative 
more meaningfully and effectively in the future. 

The derivative units, both inductive and deductive approaches, 
are written assuming a knowledge of the limit concept which normally 
precedes that of the derivative in a beginning calculus course. Both 
units are written to contain the same content: the definition of the 

derivative 5 the application of the derivative as the slope of a tangent 
line to a curves theorems for the derivative of sums, differences, pro- 
ducts and quotients of algebraic functions, the constant function, the 
independent variable, a real power of the independent variable, and a 
composite function. A section on composite functions is included be- 
fore the presentation of the theorem on composite function 
differentiation. Corollaries for the derivative of a constant multi- 
plied by a function and the derivative of a real power of a polynomial 
function are presented. Numerous examples and exercises are identical 
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in both units ^ or otherwise the same in content and difficulty# The 
section on the composite function review and the first 17 frames of 
each unit 5 which involved a change of notation for the limit, from 
. ^lj,m f(x) to^j^f(x^+ Ax), are identical. From either unit the stu- 
dent is to be able to differentiate simple algebraic, rational, and 
polynomial functions and to apply this knowledge to the derivative 
interpreted as an instantaneous velocity and general rate of change. 

The units are approximately the same in length, 3k6 frames in the 
inductive unit and 3^9 frames in the deductive unit. Each unit was 
prepared to take a high school student approximately five 5^-minute 
periods to read, a week's time in most secondary school schedules. 

Development of the Abstract Deductive Derivative Unit 

The deductive unit proceeds, without exception, from abstract 
statements of theorems and definitions to numerous examples and exer- 
cises. This approach parallels a rul-eg (rule to examples) programming 
sequence. (36) The strategy of exposition of a deductive approach is 
used. Under the strategy of exposition, logical deduction is also 
used. (22) 

Exposition follows the teaching model of: l) stating the item of 

subject matter to be taught - a generalization, theorem, definition, 
algorithm, etc.| 2) clarifying or paraphrasing the item, giving examples 
and/or stressing various components j 3) Justifying the statement; 
k) summarizing the teaching by restating the initial item of subject 
matter or giving an application; and 5) making a transition to another 
item of subject matter. 
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After a brief section on change in notation for the limit of a 

function from f(x) to ^ section identical to 

one appearing at the start of the inductive unit^ the student is given 

f(x^+ Ax)- f(x^) 

the definition of the derivative by exposition, ^®Axi& Sc ’ ^ 

provided this limit exists « This section is followed by several examples 
that express the derivative as the limit of this difference quotient for 
simple polynomial functions. This approach leading to the definition of 
the derivative is just the reverse of that used in the inductive deriva- 
tive unit. 

The abstract forms of the theorems for the derivatives of the in- 
dependent variable, the constant function, a real power of the independ- 
ent variable, and sums, differences, products and quotients of algebraic 
functions and the corollary for the derivative of a constant multiplied 
by a function are abstractly stated. Each theorem and the corollary is 
proved by logical deduction. Following each theorem appear several con- 
crete numerical examples to illustrate the particular theorem. Exer- 
cises for the student to complete are given at appropriate places in the 
text material. These exercises use the definition of the derivative and 
theorems proved up to that point in the development. 

A section on composite function identification, which is introduced 
by exposition and is of a review nature, then follows. This section is 
the same as one appearing in the inductive unit, and is presented there 
for the same purpose. The theorem for the differentiation of a com- 
posite function is then stated and proved by logical deduction. Again, 
concrete numerical examples follow. 
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Functions not possessing derivatives at all points are introduced 
by exposition using the expressions defining them and their graphs. 
There functions are identical to those in the inductive unitp and are 
defined by the following expressions: f(x)= l/x, g(x)=|x-l|, h(x)* 

Finally p again by exposition, the application of the derivative 
as the slope of the tangent line to the graph of f at the point with 
x-coordinate x^ is presented and related to the same notion expressed 
in the limit unit. Following these applications, the writer next in- 
cludes several examples of functions exhibited by both their defining 
expressions and their graphs. Some of these functions possess and 
some lack tangent lines at certain points on their graphs. The next 
topic presented in the unit is the writing of equations of tangent 
lines, both when the derivatives exist at the point of tangency and 
when the derivatives don't exist but the tangent lines exist. The 
format used is similar to that in a corresponding section in the in- 
ductive unit. 

Tracing the development of this deductive program, we see that it 
is characterized by exposition and logical deduction. Logical deduc- 
tion is used in proving the various derivative theorems. Throughout, 
the abstract definitions or theorems are given and concrete numerical 
examples and exercises follow. 

The first written format of the deductive derivative unit was read 
by seven male high school students in their fourth year of mathematics 
at Urbana Senior High School, Urbana, Illinois in the spring semec ber 
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of the school year 19 65-19 66 » It was read also by four more students 
in the same high school in an advanced third year mathematics course, 
and by one fourth year male student at University High wSchool, Urbana, 
j]_]_inois* These students gave the investigator suggestions for revis- 
ing mathematical contento At the same time, six students in a programmed 
learning course at Illinois Teachers College , Chicago-South read the 
unit and offered programming techniques to improve it* None in the 
last group felt competent to criticize the unit regarding mathematical 

content. 

The 359 frames making up the deductive unit were duplicated by the 
imltilith process. Each 8 l/2 by 11 inch page contains two or three 
frames, depending on the length of the frame. Each frame has it^ un- 
derlined answer on the page following, with the letter followed 
by the frame number. Most of the frames require a one-word response 
of a fill-in-the-blank nature, or a short answer. A few require more 
than one answer and some are simple expository or introductory frames, 
requiring no answer. This format is the same as that in the limit 
unit. It is used Do provide continuity in reading the two programs. 

More important is the elimination of a second possible variable, that 
of type of format in the limit and derivative units, by programming 
the units in the same way. 

The student read through the frames at the top of the pages, to 
the last page, and then returned to page one for the answer to the 
frame on the last page. He proceeded reading through the pages again, 
following the frames across the middle of the pages on this reading. 
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He then returned to page one for the answer to the last frame on the 
middle of the page* He proceeded through the pages one last time, read- 
ing across the bottom of the pages* The deductive derivative unit was 
covered in white cover stock, labeled Treatment 14, and fastened with two 
large staples* 

The inductive and deductive limit units that were to precede the 
derivative units were bound in the same manner* The inductive liiiiit 
unit was labeled Treatment 1 and the deductive limit unit Treatment 
A page of instructions was provided in both units, giving directions 
for the reading of the two sequential units* A copy of the abstract 
deductive derivative unit is included as Appendix B* 

Development of the Concrete Inductive Derivative Unit 

In general structure, the inductive unit proceeds according to the 
strategies of simple enumeration and difference and agreement of an in- 
ductive presentation* (23) 

The strategy of simple enumeration of an inductive teaching approach 
gives only confirming instances of the item of subject matter to be 
taught* No counterinstances are exhibited* The inductive strategy of 
difference and agreement is obtained by combining the two inductive 
strategies of "the method of agreement" and "the method of difference." 
(6, p. 296) The basic logic of the strategies of the joint method of 
agreement and difference and of simple enumeration is the samej the 
joint method simply provides a more plausible argument* 

The method of agreement provides that every generalization or other 
item of subject matter to be taught has the property that every case of 
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p is also a case of q. Each instance confirming the generalization says 
that in addition to p and q, other factors ^ r^ s^ tp ooop are present 
or absent. Only p and q occur in all casesp and no case is found ■where- 
in p occurs and q doesn't^ ioe,, no contrary evidence is present. Thus, 
probably every case of p is also a case of q and the agreement of all 
confirmatory instances has been demonstrated in the presence of only 
p and q» 

The method of difference takes the same form as that of the method 
of agreement - every case of p is also a case of q. The initial instance 
confirming the generalization states that in addition to p and q, other 
factors, r, s, t, ,,,, are present, also as in the method of agreement. 
The next confirmatory instance, however, says that when factors r, s, t, 
#,# are present and q is absent, p is also absent, (23) 

Exceptions to an inductive approach in -the unit are the proofs of 
the theorems for the derivatives of the sum and product of functions. 



writing of the equations of the tangent lines, the review section on 
composite functions, and the introductory section in the first 17 frames 
of the program, presenting the change of notation for the limit from 



pository manner to effect economy of time and text space, thus keeping 
the two formats of the derivative units somewhat the same length. The 
inductive unit is programmed by an eg-rul (example to rule) technique. 



the discussion of the non-existence of AliCir»‘ 



f(x^+ Ax)“ f(x^) 



Ax=5>^ 




These sections are presented in an ex- 



( 36 ) 



Based on his knowledge of the limit from the preceding unit, by 
simple enumeration the student is lead to the reasonable conclusion 
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f(x^+ Ax)“ f(x^) 

that if exists, this limit can be interpreted as 

the slope of a tangent line to the graph of f, at a point with x-coor- 

dinate x^. This is achieved by having the student calculate this limit 

for several elementary pol 3 momial functions accompanied by a graphical 

representationo In fact, the slope of a tangent line to the graph of 

f is then defined in this manner, if the limit exists o 

The notion that this limit may not exist for selected values of 

x^ is introduced by several functions. These functions are defined by 

l/x, g(x)®|x~lj, h(x) *\/x-2 • They are the same as those appearing 

in the deductive unit. The slope of the tangent line, 
f(x + Ax)~ f(x^) 

— ^ , may not exist at a point if the slope of the tan- 
gent line is undefined at the point or if the function itself is unde- 
fined at the point. By difference and agreement, it is then emphasized 
that 3^ this limit exists, the derivative of the function f, evaluated 
at x^, is defined as this limit. This is the first time the term 
"derivative" is used. Throughout the remainder of the unit, "derivative" 
and "slope of the tangent line to the graph of f, if it exists," are used 
interchangeably. 

The slope of the tangent line to a curve is induced by simple 
enumeration. This is developed from a sequence of slopes of secant 
lines to a curve through the point of tangency and a nearby point. 

Tables of values showing slopes of secant lines approaching in values 
the slope of the tangent line at the fixed point are to be completed 
by the student. It is then an easy step to proceed to the writing of 
the equation of the tangent line, if the latter exists, at a fixed 
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point o For the sake of economy of time and available text space, as 
mentioned above, presentation of the writing of the equation of the tan- 
gent line is expository in nature. 

The next section is developed using examples of simple polynomial 
functions. Some of these examples were previously discussed in intro- 
ducing the definition of the derivative , Theorems for the derivative 
of the constant function, the independent variable, a real power of 
the independent variable, sums, differences, products, and quotients 
of functions, and a composite function are induced by simple enumeration. 
The proofs for the theorems involving the sura and product of two func- 
tions and a real power of the independent variable are given deductively 
for reasons cited above. Before the theorem for the differentiation of 
a composite function is stated, a review section enabling the student 
to identify composite functions is given. This review is the same as 
that appearing in a corresponding section in the deductive unit. A 
suitable number of exercises enforce and confirm student learning at 
various points throughout the text. These exercises are identical to 
or similar in content and difficulty to those in the deductive unit. 
Figure 1 exhibits the logical development of the units in the form of 
a flow chart. Figures 2 and 3 e^diibit the content development of the 
units in the form of flow charts. 

A first draft of the inductive unit was read by a class of 19 fourth 
year high school students at Bremen High School, Midlothian, Illinois in 
the fall semester of the 1966-196? academic year. From the suggestions 
of these students, mathematical content and programming features were 
revised. The text material, as revised, appears as Appendix A, 
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FIGURE 1 

FLOW CHART OF DEVELOPMENT OF DERIVATIVE UNITS 



TREATMENT 3 

(Concrete Inductive Unit) 



f(x^+ Ax)- f(x^) 

Ax-^=5k) ~Ex~~ 



exists 



Simple ^ Definition of slope of a 
Enumeration tangent line to a graph 
at x^c 



Simple ^ Abstract common 
Enumeration properties. 



Difference and 
Agreement 



f(x^+ Ax)- f(x^) 



^x=5>so Ax 
may or may not exist. 



Definition of the 
derivative « 



Simple ^ 
Enumeration 



Theorems and corollaries for derivatives of sums^ 
differences, products, quotients of functions and 
other selected functions. 



TREATMENT h 

(Abstract Deductive Unit) 




Exposition Definition of the 

derivative. 



Logical^ 

Deduction 



Theorems and corollaries for derivatives of sums, Expositiop 
differences, products, quotients of functions and 
other selected functions. 



The derivative may not Expositioji Application of the derivative 
always exist. as slope of a tangent line to 

a curve. 



m 
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FIGURE 2 



FLOW CHART OF CONTENT OF INDUCTIVE DERIVATIVE UNIT 



Change notation from 



f{x)^xZ 
f (x ) + X”6 

f(x) = 
f(x)*^x 
f(x)=k 



^iSo+ 

^igo ix) 



There exist functions 
such that ^3^f(x^+ Ax) 



exists at x^* 



Definition of slope of 
the tangent line to a 
curve at x^o 
Examples 
Exercises 



f(x)«Xp 

f(x)=x'^+ X“6 
f(x)=x 
f(x)«k 

f(x)«Vx^ 
f(x)=l/x 
f(x)= x-1 



Equations of 
tangent lines, 



^l^f(x^+ Ax) doesn^t 



exist at x^. 



Generalize 

(y-y^)“ f'(x^)(x-x^) 



There exist functions such 
that ^i^Q f(x^+ Ax) doesn^t 

exist at x^ » 



Definition of the derivative » 
(Same as the definition of the 
slope of the tangent line.) 



O 

f(x) «x 

f(x)«x^ 

f(x)*x" 



Previous examples 
or exercises. 



f\x)=x^+ X“6 
f(x)=x+2 

f(x)**x^+ x^+ x^ll] 



f(x) ®x 






Previous examples 
or exercises. 



Theorem 1 . Derivative of a 

constant function. 

Theorem 2 . Derivative of the 
independent 
variable . 

(Previously proved as problems.) 



Theorem 3. 



Theorem Ij. 



Derivative of a 
real power of the 
independent 
variable . 

Proof 

Exercises 

Derivative of a 
sum. 

Proof 

Exercises 



ERIC 
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FIGURE 2 (Continued) 



f (x)*»x-2 
f(x)»x^-x+6 
f(x)=x^-x^-x-lll 



Previous examples » 



> 



Theorem Derivative of a 
difference • 

No proof 



f (x)*=x^ox^ 
f(x)«x^.x^ 
f (x)*=x^*x 



Theorem 6 o 

■> 



Derivative of a 
product o 
Proof 
Exercises 



f(x)=7x^ 

f(x)=-6(x-Kl) 

f ( x) =tt( x^ +x^ +1) 



Theorem 7 > Derivative of a quotient,, 
No proof 
> Examples 

Exercises 



^ f(x) = Vx^ 
f ( x) “ ■\/x^"2x 

/ p 

f (x) «\/x-2x 



^ Composite function 
review • 



Theorem 8 , Derivative of a com- 
posite function. 

No proof 
Example s 
Exercises 



^ Corollary. Derivative of a power of 

a function of x. 



f(x) = V&“X^ 

> f(x)=(x^-2x-3) 



Exercises 



FIGURE 3 

FLOW CHART OF CONTENT OF DEDUCTIVE DERIVATIVE UNIT 



Change notation from 

to^ig^jf(x^+ to) 



> 



Definition of the 

derivative • > 



Examples 
f(x) *3x 
f(x) «*Xp 
f(x)«x p 
f(x) «2x 2 
f(x) *x-x^ 



Theorem 1. 
Theorem 2. 
(Previously 


Derivative of the 
independent variable. 
Derivative of a con- 
stant function, 
proved as problems.) 


Theorem 3. 




Derivative of a 
real power of 
the independent 
variable • 

Proof 


Examples 
f ( x) “X'^ 


Theorem li. 


Derivative of 
a sum. > 


Exangples 

f(x)=x+7 


7 

f(x)«x > 

f (x) =x^ 

Exercises 


Proof 


O 

f(x)*x -6 
f (x)**x^+x 



Theorem 5 * Derivative of a 
difference , 

No proof 



Examples 
^ f(x)»^TT“X 

f (x)»^X“X^ 

f ( x) ^/2) ^ 






Theorem 6. 



Derivative of a 
product. — 
Proof 






Examples 

p *3 

f(x)«x »x-^ 
f(x) »x(l“X) 
f ( x) *= ( x^ +1) ( x^ +1) 



Corollary# 

» Derivative of a 
constant multiplied 
by a function of x. 



Example s Theorem 7 • 

f(x)*7x^ — > 

f (x) *=3(x^^^) 
f(x)- -6(x+l) 



Derivative of a 
quotient. 



Examples 

f(x)*x^ /x^ 
f(x)=(x+l)/(x-3) 

f(x)=2^ 

x-^+1 



Proof 
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FIGURE 3 (Continued) 



Exercises ^ Theorem 8 o 

Composite function 
review • 



Corollary. Derivative of a power 
of a function of x. 
Proof 



There exist functions 
such that ^i^f(x^+ Ax) 

doesn't exist at x^. 

Examples f(x)*|x-l| 



Derivative of a 

composite function. ► 

Examples 

Exercises 

Examples 

~ ^ f ( x) « V^^-x^ 

f(x)«*(x^~2x-3)'^'^^ > 

f(x)‘»^(x^-l) 

f(x) *=^V^»2x^ 

Exercises 

Definition of the slope 

of the tangent line to a ^ 

curve at x^. 

(Same as the definition 
of the derivative.) 



Examples 

2 

f (x)=x 

f(x)*V25-x^ 

f(x)**x +x~6 
f (x) =x^-2x^+5x“l 



> 



Equation of a tangent 
line. 

y-y^« f'(x^)(x-x^) 

Exercises 



There exist func- 
tions such that the 
slopes of the tan- 
gent lines at x^ 

don't exist. 



Examples 

f(x)=|x-l| 

f(x)«V^^-x^ 

f(x)®=x^^^ 

f(x) = v^ 

f(x)=l/x 



Graphical interpretation 
of theorems 1 and 2. 

Exercises 
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Development of the Evaluation Instrument 

A common 28 “item criterion test on the derivative units was de- 
signed to measure student knowledge of differentiation of simple alge- 
braic and rational expressions ^ and application of this knowledge to the 
derivative as the slope of the tangent line to a curve ^ instantaneous 
velocity and general rate of change o Care was taken to avoid wording 
and item construction favoring one treatment over the others The cor- 
rect choices for each of the 2 k multiple-choice items are randomly 
distributed among the four possible alternative So Each multiple-choice 
answer is worth one point* The last four short answer questions in- 
volve one proofs one computation and two discussions^ each of these 
answers is worth three points* The total number of possible points 
on the test is 36* 

The test was revised from results of the pilot study on the de- 
ductive derivative unit* The primary revision was the addition of a 
brief explanation for the questions involving instantaneous velocity 
and general rate of change. The revised text material did not contain 
these last two topics. However^ they were felt important in an under- 
standing of the derivative and are included in the evaluation* 

The multiple-choice items are arranged in order of difficulty from 
easiest to hardest 5 in clusters of related topics. A split-half reli- 
ability coefficient of *69 was calculated from the pilot stuc^ for the 
inductive derivative text material. The split-half reliability coeffi- 
cient in the present study is , 78 * The odd item- total item score cor- 
relation is 087 and the even item- total item score correlation .93. 



o 
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The correlations for the der-i'f’s’'^ ' ve study are significant (p<oOOl) o 
Inter-coder reliability was b^^^.ied for the last four short answer 
questions^ using the instructors of the classes in the pilot studies 
and present study^ as well as university calculus teachers. 

The test was to be given during two 55-minute class periods^ 
splitting the instrument after item l8o The pre-test and criterion 
test for the limit units 5 developed by Shelton, are used in the statis- 
tical evaluation of the present study. This procedure was incorporated 
into the study for a more complete analysis. The derivative test was 
constructed according to the format of the limit tests 2k multiple- 
choice items worth one point each and four short answer items worth 
three points each, for a total of 36 points, A copy of the criterion 
test for the derivative units appears as Appendix C. 

A table of specifications for the derivative test, constructed 
according to Bloom's Taxonomy of Educational Objectives (7) ^ was help- 
ful in constructing the derivative test and appears as Table 1. 

Preliminary Studies 

Pilot Study I, The deductiv<3 unit was written while the investigator 
was in residence at the University of Illinois, Urbana, Illinois, for 
the doctoral degree, during the spring of 1966, 

As mentioned in a preceding section, seven boys at Urbana Senior 
High School, Urbana, Illinois in a fourth year mathematics course par- 
ticipated in the pilot study. They read the programmed material as part 
of their course requirement near the end of the 1965-1966 academic year. 
None of the boys had had a former escposure to calculus. Four advanced 
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TABLE I 

CONTENT ANALYSIS OF DERIVATIVE CRITERION TEST 



Ttem of knowledge needed to 








Question Number 










conmlete Quest ion So 1 


2 


3 


TT 






7 




9 


10 


11 12 


13 IL. 


1. 


Definition of the 
derivative . 






















X 


X 


X 


2. 


Definition of the 
Slone of a tangent line* 






















X 


X 


X 


3. 


The derivative of the 
independent variable. x 




X 


X 


X 




X 


X 


X 


X 


X 


X 


X 


X 


h. 


The derivative of a 
constant function. x 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 




The derivative of a real 
power of the independent 
variable . x 


X 


X 


X 


X 


X 


X 


X 


X 




X 


X 


X 




6. 


Derivative of a sum. x 


X 


X 


X 




X 




X 


X 




X 


X 






7. 


Derivative of a 
difference. x 


X 


X 




X 


X 


X 




X 


X 


X 


X 


X 


X 


8. 


Derivative of a 
pro duct# 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


9o 


Derivative of a 
quotient 0 






X 


X 










X 










o 

o 

c — 1 


Derivative of a constant 
inultiplied by a function 

of Xo X 


X 


X 






X 


X 


X 


X 




X 


X 


X 




11 0 


Derivative of a compO“ 
site function. 










X 


X 


X 


X 


X 


X 




X 


X 


• 

OJ 


Derivative may not exist 
if function undefined at 
x^. 




















X 




X 




13. 


Derivative doesn^t exist. 




























iij. 


Equation of the tangent 
line. 




























15. 


Instantaneous velocity. 




























16. 


General rate of change. 





























o 
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TABLE I (Continued) 



Item 


of knowledge needed to 










Question 


Number 










comolete auestionso l5 17 18 19 20 21 22 23 2L 25 26 27 28 


1. 


Definition of the 
derivative . x 


X 


X 


X 


X 


X 


X 


X 


X X 


X 


X 


X 


X 


2. 


Definition of the 

slope of a tangent line, x 


X 


X 


X 












X 


X 




X 


3. 


The derivative of the 
independent variable. 


X 




X 






X 


X 








X 




1^. 


The derivative of a 
constant function. x 


X 


X 


X 


X 


X 


X 


X 


X 


X 




X 




5. 


The derivative of a real 
power of the independent 
variable . x 




X 


X 


X 


X 


X 




X X 






X 




6, 


Derivative of a sum. 




X 




X 


X 


X 










X 




7. 


Derivative of a 
difference . x 


X 


X 


X 


X 




X 










X 




8. 


Derivative of a 
product . 




X 




X 


X 


X 


X 


X X 






X 




9o 


Derivative of a 
quotient. 






















X 




10. 


Derivative of a constant 
multiplied hy a function 
of X, 




X 




X 




X 


X 


X 






X 




llo 


Derivative of a compo~ 
site function, x 


X 


X 




X 


X 












V 




12. 


Derivative may not exist 
if function undefined at 




























x^. 


X 
























13. 


Derivative doesn^t 
exist. 




















X 




X 


liio 


Equation of the tangent 
line . X 


X 


X 






















15. 


Instantaneous velocity. 








X 


X 


X 














16. 


General rate of change. 














X 


X X 
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students (three boys and one girl) in a third year mathematics course 
at the same high school e^iqDressed a desire to read the materialo Their 
backgrounds represented a good foundation in college algebrao A fourth 
year male student in mathematics at University High School^ Urbana^ Illi- 
nois also participated o The last student's background was probably the 
best of the high school students o He was then enrolled in a course in 
vector geometryo Six students in a programmed learning course at Illi- 
nois Teachers College ^ Chicago-South read the program at the same time. 

The high school students' comments were used for revising the mathematical 
content of the program. The college students' comments were used for re- 
vising the programming techniques of the program. 

Before the derivative unit was readg tich of the high school stu- 
dents was given the programmed unit on the limit concept^ the inductive 
and deductive approaches being randomly distributed. The reading of 
these units was to provide the students with the necessary background 
to read the derivative unit. Shelton's pre-test was administered to 
each student before either unit was distributed. His test for the 
limit unit was also given. The criterion test on the derivative unit 
was given after the completion of the investigator's unit. The adminis- 
tration of the three tests served as student motivation and teacher 
evaluation. 

Each participant was told to read his limit and derivative units. 

He was to write the answer for each frame on his own paper. The seven 
boys at Urbana High School were allowed to ask questions of their in- 
structor over the material they could not understand, “When the 
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investigator was present during the class sessions^ she answered such 
questions o The other participants in Urbana were allowed to call the 
investigator by telephone or meet with her personally if questions 
arose o Very few questions were asked during the course of the pilot 
study* It took the high school students approximately three weeks to 
complete both units and the three tests* They spent a 50-minute class 
period^ or its equivalent for those working out of class, five days 
each week* 

In general, the comments from the high school students on the de- 
ductive derivative units were favorable* In informal conversations 
with the writer the participants said they believed they had learned 
from the material* The ample number of exanples, graphs and exercises 
were cited. It was suggested by some that the section on con^osite 
functions be reworked* Other criticism concerned the format of pre- 
sentation of frame answers* These answers appeared next to their cor- 
responding frames* The students preferred the format of the limit unit, 
in which an answer to a frame appears on the following page* 

The college students were given only the derivative unit. They 
criticized the unit from the standpoint of programming techniques. 

They felt too much material was covered and the "steps** between ma- 
terial were too large. 

Pilot Study II. The inductive unit was written during the summer of 
1966, while the author was in residence at the University of Illinois, 
Urbana, Illinois. 
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The mathematical content of the Inductive unit was "cut down" 
slightly from that of the deductive unite This was due to the sugges- 
tions of the students in the programmed learning course at the Teachers 
College. The sections on Instantaneous velocity and general rate of 
change that appeared in the deductive unit were omitted in the inductive 
unit. They were finally omitted in both units in their final form. The 
criterion test content was the same as that administered to the deductive 
group. The only difference was that an Introductory sentence or two 
were necessary to e^tplain what was wanted of the student in questions 
involving Instantaneous velocity and general rate of change. 

The unit was read by 19 students in their first semester of fourth 

year mathematics at Bremen High School^ Midlothian^ Illinois in the fall 

of 1966. The class contained ten girls and nine boys. Each student had 

♦ 

had a course through modern algebra in the Dolciani series. 

Only the deductive limit units were used in this study ^ but the 
other features of this pilot study were conducted in a manner similar 
to those of the first study. Both the teacher of the class and the in- 
vestigator^ when present j answered questions of the students during the 
liO-minute class period. Most of the questions were asked on the deduc- 
tive limit unit. The students found this unit difficult and became 
somewhat bored with it. The reading of both the limit and derivative 
units and the administration of the three tests took approximately one 
month. The students did all their work during the mathematics class 
period. 

The inductive derivative unit was more to the students' likings. 

5y individual questioning by the investigator^ the class said it found 
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the derivative unit ‘'easier*' than the preceding unito No mention was 
made by the investigator or the class instructor of the different ap- 
proaches in the two units o The students seemed to find the material 
interesting and were able to answer all but about ten of the original 
total of 381 frames. This was determined by an analysis of written 
responses. The difficulty centered on the corrposite functions section 
primarily^ which was later revised. 

The students commented on their liking the "discovery approach." 

In many cases they formed the generalization before reading it© A few 
thought some of the "discovery" could have been accomplished in less 
time# No mention was made of proofs being too rigorous or frequent# 

The class seemed to think the criterion test on the derivative unit was 
"fair" and covered the inaterial presented in the unit. 



CHAPTER III 



THE EXPERIMENT 

ExperiirBntal Design 

The subjects in this study were divided into two levels^ high and 
low^ on the basis of points on a pre-test » For both levels^ the four 
total treatments were randomly distributed » These treatments are in- 
ductive limit-inductive derivative designated as treatment A 5 induc- 
tive limit-deductive derivative designated as treatment deductive 
limit-inductive derivative designated as treatment and deductive 
limit-deductive derivative designated as treatment Do 

The difference between the means of the four total treatments and 
between the two levels are to be tested for significance^- on the basis 
of criterion test scores » The table below exhibits the treatments by 
levels design of this experiment o 

TABLE II 

Treatments X Levels Experimental Design for Total Treatment Study 



Treatments 



Levels 


lo A 


2o B 


3. c 


1). D 


1. High 


A-H 


B-H 


C-H 


D-H 


2o Low 


A-L 


B-L 


C^L 


D“L 



The final analysis of the criterion measures employs a i| x 2 treat- 
ments X levels analysis of covariance to test for significance between 
the adjusted criterion total treatment means, the adjusted level means, 
and interaction* 

1)3 
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For the total treatments the predictor variable is the score on the 
pre-testo This test includes material on absolute -value inequalities and 
graphing primarily » Items from algebras trigonometryj and analytic geom- 
etry considered necessary for the learning of the limit and derivative 
concepts In beginning calculus also appear,. The final criterion vari- 
able is the score on the common derivative testo This test was given 
to all students upon completion of both units o 

An analysis of covariance was chosen to statistically control the 
pre-test score and to refine further the results o The primary variables 
controlled are (l) length of the two derivative treatments and the deriv- 
ative criterion test^ (2) content of the derivative treatments and the 
derivative criterion test 5 and (3) administration of the derivative treat- 
ments and the derivative criterion test by randomization within levels 
and between treatment group So These variables were similarly controlled 
for the two limit treatments and the limit criterion test in Shelton '^s 
study* The *05 level of significance was deemed appropriate in this 
exploratory study* 

The hypotheses 5 in null form^ to be tested for the total treatment 

ares 

Tlo There is no difference in results on the achievement test on 
the derivative^ controlling for the pre-test score ^ among the four total 
treatments* 

T2o There is no difference in achievement as measured by the test 
on the derivative between the two levels used in the studyj controlling 
for the pre-test score. 



T3o There is no interaction between the four treatments and the 
two levels o 

Shelton^’s study is replicated using only the inductive and deductive 
limit units o A test of significance of the difference between the means 
of his two treatments and between the means of his two levels (high and 
low) 3 on the basis of limit criterion test score only., is to be 
performed o The table below shows Shelton^ s treatments by levels 
design© 

TABLE III 

Treatments X Levels Experimental Design for Limit Study 

Treatments 

Leve ls 1« Inductive 2© Deductive 

lo High I-H D-H 

2o Low 

An analysis of covariance is enployed on the criteidon measures to 
test for significance between the adjusted criterion limit treatment 
means 3 the adjusted level meanss and interactiono 

For Shelton^s replicated study 3 procedures similar to those for the 
tot-al treatment are followed© The predictor variable is the score on the 
pre-testo The criterion variable is the score on the common limit test. 
This test was taken by all students in the study upon completion of the 

limit unit only© 

The hypothesess in null fontij to be tested for Shelton's limit treat 
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Llo There la no difference in the results on the achievement test 
on limits after adjustment for the scores on the pretest between the two 
limit treatments o 

L2. There is no difference in achievement as measured by the test 
on limits between the two levels used in the experiment. 

L3o There is no interaction between limit treatments and levels - 
the limit treatments will produce similar results at both levels. 

An analysis of covariance is also performed to test for significance 
of the difference between the means of the two derivative treatments and 
between the means of the two levels (high and low)^ on the basis of 
derivative criterion test scores only. The table below shows the treat- 
ments by levels design in this experiment. 

TABLE IV 

Treatments X Levels Experimental Design for Derivative Study 

Treatments 

Levels lo Inductive 2<, Deductive 

1, High I-H D-H 

2. Low I-L D-L 

For only the derivative treatments the predictor variable is again 
the score on the pre-test. The final criterion variable is the score 
on the common derivative criterion test. Other procedures are similar 
to those of the total and limit treatments procedures. 

The hypotheses^ in null form^ to be tested for the derivative tx*eat' 




ment only areg 
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Dio There is no difference in results on the achievement test on 
the derivative p controlling for the pre-test score ^ between the two 
derivative treatments » 

D2o There is no difference in achievement as measured by the test 
on the derivative^ controlling for the pre-test score ^ between the two 
levels used in the experimento 

D3o There is no interaction between the derivative treatments and 
levels. 



Popu l ation and Sampling 

Eight subi’.rban Chicago high schools participated in this study. 

They supplied a total of i|l49 students. These hh9 students were enrolled 
in 22 third and fourth year mathematics courses in the fall term of the 
1967-1968 year. There were 338 males and 111 females in the total study. 
Table V gives a more detailed description of the population in the 
experiment. 

All the students in the fourth year classes had had courses in alge- 
bra, geometry, and trigonometry. Some had had analytic geometry. The 
students in the third year classes were generally taking trigonometry 
at the time of the study and had had courses in algebra and geometry. 

Procedures 

A pre-test, written by Shelton, was given to each of the 1^149 stu- 
dents in the study the first full class day of the 196? fall school term 
by their respective teachers. The pre-test consisted of 36 multiple- 
choice questions*, Each teacher graded his pre-tests by a pre-deteimined 
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TABLE V 



Population and Sampling of Chicago Suburban Schools in Experimei^ 

Number of 

School Mathematics Classes Students 



Arlington Heights 
High School 
Arlington Heights 


Seven fourth year classes 
taught by three instructors 


ihl 


Downers Ck’ove North 
High School 
Downers Gbrove 


One fourth year class 


29 


Downers Grove South 
Hi^ School 
Downers Grove 


Two fourth year classes^ each 
taught by a different instructor 


38 


Forest View High 
School 

Arlington Heights 


One fourth year class 


Ih 


Hinsdale Township 
High School 
Hinsdale 


One fourth year class 


26 


Rich East Community 
High School 
Park Forest 


Three fourth year classes ^ each 
taught by a different instructor 


22 


West Leyden High 
School 
Northlake 


Two fourth year classes taught 
by the same instructor 


33 


York Township Community 
High School 
Elmhurst 


Two third year classes taught 
by one instructor 
Four fourth year classes taught 
bjr three instructors 


3h 

106 




TOTAL 


ljlt9 



149 



ksy and sant "the scores "to "the investrigatroro The scores were arranged 
from a high of 3^ out of a total of 36 raw score points^ to a low of 
three raw score points. In the cases of numerous duplicate scores the 
schools were arranged alphabetically and the students within each school 
were also arranged alphabet! callyo The 222 students in the hi^ groups 
received scores of 21 points or higher on the pre-test| the remaining 
227 students constituted the low group <> 

The four total treatments ^ A;, B;, C., and D;, were randomly assigned 
in the high group from the highest to the lowest scores, proceeding 
through duplicate scores and beginning with treatment A. A similar 
procedure was followed for the low group. Several students were (ran- 
domly) removed from cells to give equal numbers in each cell. With 
equal cell numbers in the high group ^ there were 50 students reading 
treatment A, 50 treatment B, ^0 treatment C, and 50 treatment D. ^or 
the low group, the cell numbers are the same for the four treatments. 

Thus, no one school in the study had an equal number of students for 
each treatment at each level. Table VI (c) displays the mean pre-test 
scores of the students in each cell. 

For the four cells in the experimental design of Shelton's repli- 
cated limit study, 100 subjects in each cell were obtained by randomly 
removing the excess subjects. Table VI (a) displays the mean pre-test 
scores of the students in each cell of this experimental design. 

One hundred subjects were similarly assigned to the four cells in 
the experimental design for the derivative unit. Table VI (b) displays 
the mean pre-test scores of the students in each cell of this e 3 q)erimental 



design. 
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Each school participating in the study had class periods 55 minutes 
in lengtho The programs for both units were passed out at the beginning 
of each class period to the proper students and collected at the end of 
the period. This procedure was followed to attempt to eliminate expo- 
sure of a student to both formats of the limit and deriirative units. 

The teachers were present in the classes during reading of the units^ 
and were allowed and encouraged to answer only individual questions of 
the students. They were not to conduct a general discussion. Such a 
procedure attempts to control the teacher variable and insure that the 
students learned from the programmed material only. 

Most students asked questions over both deductive units ^ the de- 
ductive limit and the deductive derivative units. Students found the 
deductive units more difficult than the inductive ones and tended to be- 
come somewhat bored. Since a number of students were initially confused 
by the immediate presentation of the definition of a limit in the deduc- 
tive limit unit^ some teachers conducted a limited discussion in a con- 
fined section of the classroom for these students only. None of the 
students reading the inductive limit unit were , involved in this re- 
stricted discussion. Such a procedure is considered acceptable within 
the framework of the procedures of the study. 

Because some students were reading far less than the minimum number 
of 50 frames per day^ they were allowed to take their units home. In 
such a short period of time it seemed reasonable to assume the students 
would not have time to read the alternate treatment. To insure against 
this type of contamination even further, answer sheets for the responses 



TABLE VI (a) 






Mean Pre~test Scores by Cells in the Three Studies 

Limit Treatment 



Level 


Inductive 


Deductive 


High 


25.87 


25.56 


Low 


15.72 


15.58 


Level 


Derivative Treatment (b) 
Inductive 


Deductive 


High 


25.72 


25.71 


Low 


15.62 


l5o68 



Total Treatment (c) 



Level A B C D 



High 


25.92 


2^0 82 


25.52 


2^0 60 


Low 


15,68 


llj.76 


15.56 


15.60 
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to- the programmed text material were required of each student before he 
was allowed to take the criterion test over the particular unit* 

The average reading time for the 309 frames in the limit units was 
six dayso The administration of the criterion test on the limit unit, 
given upon completion of the unit|) took two class periods o The average 
reading time for the 3/46 frame inductive derivative unit and the 3^9 
frame deductive derivative unit was seven class periods. The adminis- 
tration of the criterion ‘test on this unit took two class periods. This 
test was given upon the completion of the derivative unit. 

The investigator visited each school at least once during the study. 
During these visits she observed the classes reading the units and answered 
student questions. She met with the class instructors to answer their 
questions and give them further instructions if needed« Numerous telephone 
calls were made to the schools during the course of the study to judge 

student progress. Correspondence was sent when schools requested further 
directions. 

The teachers in the respective schools were more than willing to co- 
operate in ihis study. This was evidenced by their constant communica- 
tion by telephone and letter to check procedural policy and report progress 
and results during the study. Their altitudes remained favorable through- 
out the duration of the study. However, as the study progressed students 
becaiae bored with the procedure of reading programmed material for 55 
minutes, five days a week for at least two weeks. An attitude measure 
of mostly negative responses to programmed instruction was obtained and 
should be considered in interpreting any statistical findings. 
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Statistical Treatinent of Data 

All subjects in this study are to learn elementary concepts of the 
limit and derivative in beginning calculus by programmed texts o Thus, 
ainy positive or negative influence of attitude toward programmed material 
is equated for all subjects, levels, and treatmentSo The novelty of par- 
ticipation in an experimental study should also be equated for all sub- 
jects, levels and treatments* 

The criterion test over the limit unit was given in two class periods 
immediately after completion of this unit* The investigator's pilot 
studies indicated the test was too long to be completed in one 55~minute 
period* Each of the first 2h items is of the four-alternative, multiple- 
choice type, worth one point each* Questions 2^-28 call for two defini- 
tions and two proofs of theorems, each worth three points* The total 
number of possible points is 36, the same total as the pre-test* 

The teachers of the classes involved in the study administered and 
graded the tests by a predetermined key* Each teacher was provided with 
sair 5 )le answers to questions 25-2 8* This procedure was followed to pro- 
vide for a uniform gr-ading of these test items, particularly in the case 
of partial credit* For all classes the investigator requested the stu- 
dents"" written answers for the limit criterion test to check the grading 
on the last four items* Eighty- three scores on the limit criterion were 
lowered and 16 raised as a result of this checking* 

The criterion test on the derivative unit (Appendix C) was given 
immediately after the completion of the total study* Two class periods 
were allowed, splitting the test after item l8. Pilot study results 



indicated the test was too long to be completed in one 55~minute period. 
The questions are constructed and wei^ted similarly to those in the limit 
criterion test| the first 2k questions are four-alternative multiple - 
choice items, worth one point each, followed by four short answer ques- 
tions worth three points each. Each teacher was again provided with 
sample answers to the last four questions. The investigator requested 
student answer sheets for regrading of these last four questions® 
Fifty-seven scores on the derivative criterion test were lowered and 13 
raised as a result of this legrading® 

The scores on the limit criterion test range from 32 to 3 in the 
high group, with a mean of l5o93o The scores on the same test range 
from 26 to 0 in the low group, with a mean of 9,20o 

The scores on the derivative criterion test range from 35 to 3 in 
the high group, with a mean of 17o27o The scores on the same test range 
from 31 to 2 in the low group, with a mean of 8,99 » 

A more thorough discussion of both the limit and derivative cri- 
terion test scores appears in the next chapter® 



CHAPTER IV 



RESULTS AND DISCUSSION 
Summary of Procedures 

The statistical design used in the three studies in this experi- 
ment is an analysis of covariance. The limit study tests for a dif- 
ference in inductive and deductive teaching of this concept. The 
derivative study tests for the same difference in teaching methods 
for the derivative concept. A total treatment study tests for differ- 
ences in teaching the ordered combination of the limit and derivative 
concents by the four possible pairings of inductive and deductive 
approaches. 

The pre-test score is the covariate in all three studies. The 
limit criterion test scores are used in the analysis of covariance for 
the limit study. The derivative criterion test scores are used in the 
analyses of covariance for the derivative and total treatment studies. 

Criterion Test Scores 

The scores on the limit criterion test have a range of 0 to 32. 
The scores on the derivative criterion test have a range of 2 to 3^. 
Tables VII^ VIII and IX give a summary of pre-test and criterion test 
scores and standard deviations by cell, treatment and level for the 
three studies. 

Figure i| sho-ws the total regression line for the limit study with 
the dependent variable being the limit criterion test score and the 
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TABLE VII 

Summary of Pre-test Scores 3 Criterion Test Score and 
Standard Deviations by Cell for the Limit Study 





Inductive 


Deductive 


Total 




X- 25.87 


x- 25.56 


x-25.71 




x" 3.57 


S « 3 . 1 j 2 

X 




High 


f»l 5 . 9 l) 


Y*« 15.92 


Y-15.93 




5.32 


< 5 ;- 8.73 

fX 






n» 100 


n“ 100 






x-15.72 


X' 15.58 


x-15.65 




3.33 


<r- 3 . 2 li 




Low 


Y* 9 oil 


Y« 9 o 29 


Y» 9.20 






<T_*= 1 |o 35 
«/ 






n* 100 


n= 100 






X=20.79 


x-20.57 


X- 20.68 


Total 


Y- 12.53 


Y“ 12 . 6 l 


Y- 12.57 



X- 6-07 
N* hoo 



KEY TO SCORES 
X®pre-test score 
Y**criterion test score 
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TABLE VIII 

Summary of Pre-test Scores <> Criterion Test Scores 3 and 
Standard Deviations by Cells for Derivative Study 





Inductive 


Deductive 


Total 




X*2^.72 


X®25o71 


X»25.71 




3ohQ 


s;- 3.52 




High 


Y-16.16 


Y-18.38 


Y=17.27 




(T- 7.95 

7 








n* 100 


n® 100 






X«15.62 


X«l5.68 


X-15.65 




3.38 


3o20 

X 




Low 


I* 7.97 


Y« 9.91 


f“ 8.99 




ii.71 

y 


(S'- 6o22 

y 






n« 100 


n« 100 






X«20.68 


X»20o69 


X®20'.68 


Total 


I»12o07 


Y*=lii.l5 


M3. 12 



« 6.07 

X 

y“ 8.11, 
N“ 100 

KEY TO SCORES 
Xwpre^test score 
Y®criterion test score 
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TABLE IX 

Suinottisiir y' of* Prs^’bes't Scores s Criterioii Tssl;; Scoi^ Sg and 
Biiandard Deviations by Cell s for Total Trea tnientr Study 





A 


B 


C 


D 


Total 




X"2^.92 


X*®25.82 


X-25.52 


X®2^o60 




High 


^ « 3.56 

X 


3o58 


6"* 3,39 

X 


6~a 3,14^ 
X 






Y^l5.1tu 


Y“l8.8h 


Y^16«88 


Y*18.32 


Y-17.37 




“ 7 “ 


6-« 6o3lt 

y* 


€« 7.89 
y 


9.35 

V 






n“ 50 


n« 50 


n® 50 


n« 50 






X-15.68 


■ X«ll|.76 


X“l5.56 


X“l5.60 


X“i5.l(0 






3.07 


3.17 


3.31 




Low 


■f- 7.78 


Y« 9.56 


Y« 8.16 


Y*10.26 


Y« 8.9l( 




<S1“ I1.9S 

€/ 


6~ss 

y 


^ h.146 
y 


= 6.82 
y 






n« 50 


n« 50 


n*^ 50 


n*= 50 






MO.TO 


X«20.29 


X®20,5ii 


X“ 20 o 60 


WO. 68 


Total 


Y«11.61 


Mii.20 


Y®12.52 


Mllo29 


Y*13.10 



Key to Treatments 

A«inductive limit-inductive derivative 
B«inductive limit-deductive derivative 
C«deductive limi.G-inductive derivative 
D«deductive limit-deductive derivative 



* 6.07 

« 8.II4 
y 

N* ItOO 

Key to Scores 
X*pre“test score 
Y«criterion test 
score 



FIOaRE )4 

Regression Lines and Means for the Two High and Two Lov 
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Level Cells for the Limit Study 



.18 




8 



1 1 1 1 1 L. 

15 16 17 18 19 20 21 

Pre-test Score 



I L 

22 23 



— I 1 ^ 

2h 25 26 



KEY TO TREATMENT ®0UPS 
H-i-t: Hi gh‘“ Inductive 
H-D" High-Deductive 
L“I“ Low-Inductive 
L”D« Low“Deduc tive 



KEY TO GRAPHS 

Within Cell Regression 
Total Regression Line 
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independent variable being the pre->test score « Also on the graph are 
the points corresponding to the mean values of these two variables and 
the accompanying regression line for each cello On each level for the 
two treatments there is very little difference in criterion test score 
means. In raw score points the difference is .02 for the high groups 
and .18 for the low groups, with the deductive treatment means higher 
at each level. 

Figure $ shows a corresponding graph for the derivative study. 

For both levels the deductive mean scores are higher by approximately 
two raw score points than the inductive mean scores. The actual dif- 
ferences are 1,9^1 for the low groups and 2,22 for the high groups. In 
the analysis of covariance we will see that such a difference in raw 
score points is significant. 

Figure 6 shows the total regression line for the study involving 
the four total treatments of Y (the derivative criterion test score) on 
X (the pre-test score) . The greatest differences in raw score points 
between mean scores exist for inductive limit-inductive derivative (A) 
and deductive limit-deductive derivative (D) treatments at the low level 
and the inductive limit-inductive derivative (A) and inductive limit- 
deductive derivative (b) treatments at the high level, ¥e might thus 
expect significant differerces between treatments A and D and treatments 
A and B in the statistical analyses in the next section. 

Results of the Data Analyses for the Limit Study 

All the statistical analyses of data in the three studies were per- 
formed on the University of Illinois, Chicago Circle Campus 360-^0 IBM 
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Derivative FIGURE $ 

So ox*o 

Reeression Lines and Means for the Two High and Two Low 

I I iiw— «■' — ■ ■■■■■■ II I 




KEY TO TREATliENT GROUPS 
H“'I~ High-Inductive 
H“-D= High-Deductive 
L-I« Low “Inductive 
L-D“ Low-Deductive 



KEY TO GRAPHS 
Within Cell Regression 
Total Regression Line 



62 



Derivative FIGURE 6 




KEY TO TREATMENT ®OUPS 

A» inductive liinit"=inductive derivative 

B" Inductive limit-deductive derivative H= high 

C= deductive limit-inductive derivative L~ low 

D~ deductive limit-deductive derivative 

KEY TO ®APHS 

Within Cell Regi'ession ________ 

Total Regression Line - - - - 
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computer. Sixteen significant digits (double precision) were used in 
all computations. 

HvDOthesis 1 1 . There is no difference in the mean achievement test 
scores on limits, after adjustment for the scores on the pre-test, for 

the deductive and inductive treatments. 

A 2 X 2, treatments levels analysis of covariance was performed 

on the limit criterion test scores^ replicating Shelton's study. An 
anailysis of variance was also performed as a check for interaction in 
the analysis of covariance. 

The results of these two analyses are esdiibited in Table X. For 
the analysis of variance there is no significant difference in 
treatments. For the analysis of covariance^ the F value for the two 
treatments (.12) is not significant at the .05 level for 1 and 395 df. 
Since the F value is not significant at the .05 level, we do not re- 
ject the null hypothesis. We have no evidence that there is a differ- 
ence in achievement between the two treatments. 

Hypothesis L 2 . There is no difference in the adjusted mean achievement 
scores as measured by the test on limits between the two levels in the 
experiment. 

For the analysis of variance there is a significant difference 
(p<.00l) between the high and low achievement levels used in the study, 
since the experimental design was constructed using a high and low 
achievement group on pre-test scores. The F of 1.13 between levels in 
the analysis of covariance is not significant at the .05 level. It 
should be noted that there is an increase in the probability levels for 
the F between levels, proceeding from the analysis of variance to the 
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TABLE X 



Inductive Limit Treatinent versus Deductive 
Limit Treatment for Limit Study 

Analysis of Variance Summary Table 

Source Sum of Squares df Mean Square F Probability 

Level 

Treatments ,6k 1 »6k *02 



Levels k^29.29 1 k^29.29 120.72 



Treatments 

X Levels 1.00 1 1.00 .03 



Error (Within) lli8^7.38 396 37.52 



Analysis of Covariance Summary Table 
The pre-test score is the control variable. 



Source 1 


Sum of Squares 


df 


Mean Square 


F 


Probability 

Level 


Treatments 


1).23 


1 


1).23 


.12 




Levels 


38.1tit 


1 


38.1)1) 


1.13 


.77 


Treatments 
X Levels 


.28 


1 


.28 


.01 


- 


Error (Within) 


131)19.26 


393 


33.97 







.001 



KEY TO TREATMENTS 
Inductive limit 
Deductive limit 



KEY TO LEVELS 
High 
Lovi 
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analiysis of covariance ^ This is due to the covariate determining the 
levels for the experimental desigUo 

The rcll hypothesis concerning achievement and the two levels used 
in the e^qperiment is not rejectedo 

The bar graph of limit criterion test score means for the four 
groups in the limit study in Figure 7 may be helpful in understanding 
the results of the tests of the preceding two l:^potheseso 
Hypothesis L There is no interaction between the inductive and de- 
ductive limit treatments and the high and low levels - - the treatments 
produce similar results at both levels* 

The analysis of covariance of Table X shows that the treatments by 
levels interaction for -fche limit criterion test is not significant at 
the ,o5 level. The analysis uf variance table displaying no interac- 
tion effects supports this finding, Thus^ the null hypothesis concern- 
ing interaction achievement is not rejected. 

Lack of evidence to reject the three foregoing hypotheses is exact- 
ly the conclusion Shelton reached in his limit study. 

Results of the Data Analyses for the Derivative Study 
P^ypothesis D 1 , There is no difference in mean achieverngut on the deriv- 
ative criterion test scores ^ controlling for the pre-test^ between the 
inductive and deductive derivative treatments, 

A 2 X 2^ treatments by levels analysis of covariance was performed 
on the derivative criterion test scores with the pre-test score as the 
independent variable. An analysis of variance was also performed as a 
check for interaction effects. The results of these two analyses are 



exhibited in Table XI. 
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FIGURE 7 



Mean Limit Criterion Test Scores of High and Lo-w 
Achieving Students for the Inductive and Deductive Limit Units 







# 



9.29 



N « liOO 



KEY TO TREATMENTS 
H-I«High“ Inductive 
L- 1 s=Low - Indue ti ve 
H“D“'Hi gh“De due t ive 
L“D ®Low “De du c t ive 
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TABLE XI 



Inductive Derivative Treatment versus Deductive Derivative 

Treatment for Derivative Study- 

Analysis of Variance Suinmary Table 



Source 


Sum of Squares 


df 


Mean Square 


F 


Probability 

Level 


Treatments 


2)32.61, 


1 


h32o6k 


8.95 


.01 


Levels 


6938.89 


1 


6938.89 


11,3.62 


.001 


Treatments 
X Levels 


1.96 


1 


1.96 


oOho 


- 


Error (Within^ 


' 19132.10 


396 


1,8.31 








Analysis of Covariance 


! Summary Table 






The 


pre-test score 


is the 


control variable. 




Source 


Sum of Squares 


df 


^fean Square 


F 


Probability 

Level 


Treatments 


1(21, .50 


1 


l , 2l ). 5o 


10.30 


.01 


Levels 


5.^9 


1 


5.59 


.11, 


- 


Treatments 
X Levels 


2.81 


1 


2.81 


.07 


- 


Error (Within) 


16283.06 


395 


itlo22 







KEY TO TREATMENTS 
Inductive derivative 
Deductive derivative 



KEY TO LEVELS 
High 
Low 
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For the analysis of variance there is a significant difference be- 
tween treatments (p<o01) for 1 and 396 dfo For the analysis of covari- 
ance, there is a significant difference between treatments (p<o01) for 
1 and 395 df. 

Thus, the null hypothesis that there is no difference in results 
on the derivative criterion test, controlling for pre-test scoires, be- 
tween the two derivative treatments can be rejected from the above 
evidences There is a significant difference in derivative achievement 
scores between the two derivative treatments » The graphs in Figures 5 
and 8 show that it is the deductive derivative treatment that has a 
higher mean score on the derivative criterion test than the inductive 
derivative treatment on both levels,, 

hypothesis D 2 . There is no difference in mean achievement as measured 
by the test on the derivative, controlling for the pre-test, between 
the two levels used in the experiment. 

For the analysis of variance, there is a significant difference 
(p<.OOl) for the levels of the experiment. As in the limit study this 
difference is due to the experimental design. By use of analysis of 
covariance it was found that there is no significant difference in 
levels. Thus, the null hypothesis concerning achievement and the two 
levels used in the experiment is net rejected. The bar graph in Figure 
8 is helpful in interpreting the result of the test of this hypothesis. 
Hypothesis D 3 o There is no interaction between the inductive and de- 
ductive derivative treatments and the high and low levels. 

The analysis of covariance of Table XI shows that the treatments 
by levels interaction for the derivative criterion test is not 
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FIGURE 8 

Mean Derivative Criterion Test Score of High and Low 
Achieving Students for the Inductive and Deductive Derivative Units 

Derivative 
Test Score 




KEY TO TREATMENTS 
H“ I«Hi gh- Indue t ive 
L-I“Low~Inductive 
H“D*^Hi gh“De du ct ive 
L-D*^Low -De due t ive 
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significant at the o05 level* Again^ no interaction effects in the anal- 
ysis of variance design confirm this finding* Thusp the null hypothesis 
concerning interaction achievement is not rejected* 

Results of to Data Analyses for to Total Treatment Study 
hypothesis T 1 * There is no difference in results on the achievement 
test for the derivative p controlling for the pre-test score Sp among the 
four total treatments p inductive limit-inductive derivative (A) p in- 
ductive limit-deductive derivative ( B) p deductive limit-inductive 
derivative (C)p and deductive limit-deductive derivative (D). 

A 1 } X 2p treatments by levels analysis of covariance was performed 
on the derivative criterion test scores for the total treatment study. 

An analysis of variance was also performed to check for interaction 
effects in the analysis of covariance* The results of the two analy- 
ses are exhibited in Table XII* 

Both the analysis of variance and the analysis of covariance sum- 
mary tables show significant differences ?xi the four treatments p the 
former with probability less than *0^ and 'the latter with probability 
less than *01* Both of these probabilities satisfy the ,05 level of 
significance of this study, 

Scheff^^s method of post-hoc comparisons shows a significant dif- 
ference at the *05 level between the inductive limit-inductive derivative 

(A) and deductive limit-deductive derivative (d) treatments. A glance 

« 

at Figures 6 and 9 exhibit these differences in raw score points be- 
tween treatments A and D at both levels and bear out the above finding. 
In the graphs we see that for the high and low groups, a difference in 
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TABLE XII 

Combinatlona of Inductive Tireatments versus Deductive Treatments 
for Teaching Both the Limit and Derivative Concepts in the 

To tal Treatment Study 

Analysis of Variance Summary Table 



Source 


Sum of Squares 


df 


Mean Square F 


Probability 

Level 


Treatments 


1(78.25 


3 


159,1(2 3.28 


o05 


Levels 


6938,89 


1 


6938.89 11(2.68 


oOOl 


Treatments 
X Levels 


2hchl 


3 


8.11( .17 


- 


Error (Within) 


1906h»0h 


392 


148063 






Analysis of Covariance Summary Table 




The 


pre-test score 


is the 


control variable* 




Source 


Sum of Squares 


df 


Mean Square F 


Probability 

Level 


Treatments 


1(96.33 


3 


165,1(1( l(.oo 


oOl 


Levels 


ho36 


1 


iio36 *11 




Treatments 
X Levels 


30o79 


3 


10o26 ,2^ 


- 


Error (Within) 


l6l83o28 


391 


1(1.39 




KEY TO TREATMENTS 




KEY TO LEVELS 





A>«inductive limit^inductive derivative High 

B“inductive limlt“deductive derivative Low 

C*^eductive limit^inductive derivative 

D**deductive limit^deductive derivative 
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total raw score points of almost three exists between treatments A and 
D# Since the means of treatment D at both levels are higher than those 
of treatment A,, the superiority of the deductive treatment over the in- 
ductive treatment is indicabedo These findings correspond to those of 
the derivative studyo 

Using Scheffers method the difference between the inductive limit- 
inductive derivative (A) and inductive limit-deductive derivative (b) 
treatments approaches significance at the «05 level* This is also seen 
graphically in Figures 6 and 9 and might again indicate the superiority 
of the deductive derivative treatment. For the low group the difference 
between treatments A and B is almost two raw score points., and for the 
high group the difference is over three raw score points* 

There is a raw score point difference be'tween treatments B and C 
(deductive limit-inductive derivative) of less than t.:o points on both 
levels* Treatment B is superior in either case* This may indicate that 
the inductive limit-deductive derivative (b) treatment is slightly better 
than the deductive limit-inductive derivative (C) treatment* The differ- 
ences us; a Scheffe's method for these treatments are not significant. 
However 5 in the derivative study we did find the superiority of the de- 
ductive derivative treatment* 

The other differences in treatments for the total study are not 
significant by Scheffe'^s method. 

Hypothesis T 2 * There is no difference in mean achievement as measured 
by the test on the derivative between the two levels in the total treat- 
ment study,, controlling for pre-test score* 



o 
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FIGURE 9 (a) 



Mean Deri'^/a'tive C ri 'tenon Test Score of* High A chieving 
Derl'vative 
Test 
Score 



Students for Total Treatment Study 




FIGURE 9 (b) 

Mean Deriva ti've Criterion Test Score of Low Achieving 
Stud ents for Total Treatment Study 




KEY TO TREATMENTS 

Annductive limit-inductive 
B=inductive limit^deductive 
C=deductive limit-’inductive 
D’^deducti've limit-deductive 



derivative 

derivative 

derivative 

derivative 



er|c 
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The significant difference in levels for the analysis of variance 
was expected. However,, in Table XII we see there is no significant dif-= 
ference for the analysis of covariance concerning achievement of the 
derivative topic and the two levels in this study. The null hypothesis 
that there is no difference in achievement as measured by the test on 
the derivative between the two levels used in the study is not rejected. 
Hypothesis T 3 . There is no interaction between the four total treat- 
ments and the two levels. 

The analysis of covariance of Table XII shows no treatments by 
levels interaction for the total treatment study at the ,05 level of 
significarxce. The analysis of variance table displaying no interaction 
effects supports this finding, Thus^ the null hypothesis concerning 
interaction achievement is not rejected. 

Further Statistical Analyses 

It was felt that if apy significant difference in treatments were 
to exist in the three studies of this experiment^ the difference would 
be in favor of the inductive treatments. Such a belief was supported 
by the pilot studies and related research studies. Before the analyses 
of variance and covariance were performed^ correlation and multiple re- 
gression coefficients were computed. In these preliminary analyses the 
inductive treatments were coded +1 and the deductive treatments -1, 

Table XIII displays the correlation matrix with the five variates 
(pre-test score ^ limit treatment^ limit score,, derivative treatment, 
derivative score) in the experiment. This analysis includes all kk9 
subjects in the experiment. We see that there are moderate correlations 
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between pre-test score and limit score (o6‘2l) and between pre-test score 
and derivative score ( o607) » Former analyses indicated both these cor- 
relations significant (p<o001) o Thasc, the pre-test score may be a some- 
what good predictor of the limit and derivative scores „ 

There is a correlation of o7h5 between the limit score and the deriv 
ative score 5 significant for t (p<oOOl) by a former analysis# Thus^ the 
limit score is a fairly good predictor of the derivative score o In fact, 
it may be an even better predictor of the derivative score than the pre- 
test score# 

The negative correlation of -ol37 between the derivative treatment 
and derivative score is significant (p<,005) by a former analysis. The 
negative value of this correlation coefficient shows that the deductive 
derivative treatment, coded -1, produced a hi^er derivative score than 
the inductive treatment# It is worth noting that there is a very low, 
non-significant correlation ( #0l6) between limit treatment and limit 
score# This indicates a negligible effect of limit treatment on limit 
score# The other correlations in the table are very low and non- 
significant. 

To farther support the high correlations among pre-test score, 
limit score and derivative score , and the escperimental superiority of 
the deductive derivative treatment, prediction equations were derived 
using standardized beta weights. Table XIV (a) displays the standard- 
ized beta weights and their probability levels of t for predicting the 
limit score from the pre-test score and limit treatment# Table XIV (b) 
shows the standardized beta weights and their probability levels of t 
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TABLE XIII 

Correlation Matrix for the Five Variates in the Three Studies 



Number 


Name 


1 


2 


3 


h 


5 


1 


Pre-test Score 


l.CXJO 


0621 


.010 


.607 


-.003 


2 


Limit Score 


.621 


1.000 


.016 


.7ljS 


-.002 


3 


Limit 

Treatment 


.010 


.016 


1.000 


-.032 


-.009 


h 


Derivative 

Score 


.607 


.7h5 


'“.032 


1.000 


-.137 




Derivative 

Treatment 


-.003 


“ .002 


-.009 


-.13? 


1.000 
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for predicting the derivative score from the other four variates in the 
experiment. The variates are numbered as in Table XIII. 

Below each table is the linear multiple regression prediction equa- 
tion for the respective score. A multiple regression model is appropri- 
ate since none of the analyses of variance showed interaction effects. 

The multiple the correlation between the actual score and the predic- 
ted score, is also displayed. Again an inductive treatment is coded +1 
and a deductive treatment -1, 

In Table XIV (a) we again see that it is the pre-test^ s beta weight 
of .621 (p<.CXJl) that seems to contribute considerably more to the pre- 
dicted limit score than does the limit treatment beta weight. Table 
XV (a) shows the per cent of the total and explained variance in the 
limit criterion test score contributed by the pre-test score and limit 
treatment. We see that 38.^6 per cent of the total variance and 99 "*^ 
per cent of the explained variance is due to the pre‘-test score in 
predicting the limit score. The per cent of the total variance and 
the explained variance contributed by the limit treatment is negligible. 

Table XIV (b) shows that the pre-test score limit score ^ and deriv- 
ative treatment seem to contribute more to the predicted derivative score 
than the limit treatment. The beta weights for the pre-test score ^ limit 
score and derivative treatment are all significant (p<«001) . Since the 
beta weight for the derivative treatment is negative^ this favors the de- 
ductive derivative treatment. A higher predicted derivative score for 
the deductive treatment will result since the last term in the derivative 
score prediction equation will be positive. 
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TABLE XIV (a) 





Standardized Beta Weights for Predicting Limit Score 




Number 


Predictor Variate 


Standardized 
Beta ( ?>,•) 


Student's t 
for Beta 


Probability- 
Level for t 


1 


Pr'e^-test Score 


.621 


16.692 


.001 


3 


Limit Treatment 


.010 


0 

ro 

o 


.078 



Standardized predicted limit score « standardized pre-test score) 



limit treatment) 



Multiple R - .622 



TABLE XIV (b) 



Standardized Beta Heights for Predicting Derivative Score 



Number 


Predictor Variate 


Standardized 


Student's t 


Probability- 






Beta (6t) 


for Beta 


Level for t 


1 


Pre-test Score 


.233 


6.139 


.001 


2 


Limit Score 


.601 


15.802 


.001 


3 


Limit Treatment 




-I.I496 


.135 


5 


Derivative 










Treatment 


“*135 




.001 



Standardized predicted derivative score « (standardized pre-test score) 

■»Vli( standardized limit score) 
+{)«( limit treatment) 

+Sp( derivative treatment) 

Multiple R ** .780 
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TABLE XV (a) 

Per Cent of the Total Variance and Explained Variance in 



Lirriit Criterion Test Score Contributed by the Pre-Test 





Score 


and Limit 


Treatment 






Number 


Predictor Variate r 


ei- 


rSi^lOO 


~~6,'Xioo 


1 


Pre-test Score 


.621 


.621 


38.56 


99.97 


3 


Limit Treatment 


.010 


.010 


.01 


.03 


Total 








38.57 


100.00 






TABLE XV (b) 






Per 


Cent of the Total Variance 


and Explained Variance in 


Derivative Criterion 


Test Score Contributed by the 


other 






Four Variates 






Namber 


Predictor Variate r 


e. 


rB/ xlOO 


R 


1 


Pre~test Score 


.607 


.233 




23o22 


2 


Limit Score 


.71jS 


.601 


itii.77 


73.51 


3 


Limit Treatment 


-.032 


-M 


.111 


.23 




Derivative 

Treatment 


“■.137 


”.13^ 


1.85 


3. oil 


Total 








60.90 


100.00 


KEY TO 1 


TOLUMN HEADINGS 
O4* standardized 


beta weight 







r « raw correlation coefficient 

r^orlOO * per cent of total variance accounted for by the variable 
r ft.xlOO « per cent of explained variance accounted for by the variable 
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Table XV (b) shows the per cent of the total and explained variance 
in the derivative criterion test score contributed by the pre-test^ 
limit score ^ limit treatment^ and derivative treatmento The pre-test 
score contributes lit. lit per cent of the total variance and the limit 
score contributes hhm?? per cent of this variance*. The per cent of the 
total variance contributed by the limit treatment and derivative treat- 
ment is negligible. The pre-test score contributes 23o22 per cent of 
the explained variance and the limit score contributes 73«5l of this 
variance. Again the per cent of the explained variance contributed by 
the limit treatment and the derivative treatment is inconsequential. 

In this study we can see that a student ^s past mathematical know- 
ledge accounts for much more of the total variance than the teaching 
method does. In learning the limit concept the pre-test score was 
the important determinant of achievement. For the derivative concept 
knowledge of the immediately preceding topic of the limit was most im- 
portant, followed in importance by the prerequisite knowledge measured 
by the pre-test. 

All the foregoing results substantiate those discussed for the 
correlation matrix of Table XIII. 

General Discussion 

The high, significant correlations among pre-test score, limit and 
derivative scores, and derivative treatment indicate a definite relation 
between these variables in this experiment. This relationship is pre- 
sented in the graphs in Figures I 4 , and 6. Thus, some precision 
might be gained by using an analysis of covariance design rather than an 
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analysis of variance « However., using the covariate to determine the 
levels of the experimental design in the analysis of covariance is sta- 
tistically questionable* 

Shelton*' s study for the inductive and deductive limit units was 

replicated. Jhilure to reject any of his three hypotheses in the present 

study supports Shelton's conclusions* Figure I4 indicates no appreciable 

difference in the mean scores for the inductive and deductive limit 

treatments at either level* To explain his results 5, Shelton writes? 

, . , Care was taken to insure that the two programs had 
the same mathematical content* The same mathematical 
theory was covered in both pro grams 5 and most of the nu- 
merical examples were the same* The main difference was 
in the order of development of the ideas* It may be that 
the students rearranged the order of development in^ their 
minds after completing the programs* (60<, pp. ^ 3 -^h) 

For the present study using the inductive and deductive derivative 
unlts^ a significant difference was found between treatments (p<*0l) . 

The hypothesis of no difference between derivative treatments is 
rejected* From tables of correlation coefficients and multiple re- 
gression analyses 5 the deductive derivative treatment is found to be 
superior to the inductive derivative treatment* Figure 5 shows the de- 
ductive derivative groups at both levels with higher derivative criterion 
test score means than the inductive derivative groups* This is a sur- 
prising result since pilot studies and related research pointed to the 
superiority of an Inductive approach if any difference in treatments 
existed. Further computation of a multiple regression equation to pre- 
dict the derivative score shows the pre-test score and limit test score 
to be the determining factors in predicting the derivative score. The 
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derivative treatment carries very little weight in predicting the deriv- 
ative score. 

Considering the four total treatments at the two levels^ a signifi- 
cant difference (p<«05) was found among treatments ^ as in the derivative 
study. Again., the difference favors the deductive treatments ^ since the 
difference between the inductive limit-inductive derivative treatment (A) 
and the deductive limit-deductive derivative treatment (D) is significant, 
with the means of treatment D higher than those of treatment A on both 
levels. Figure 6 presents this finding graphically. 

In none of the three studies are interaction effects evident. We 
thus have no evidence that effectiveness of these teaching units is de- 
pendent upon mathematical level as measured by the pre-test. 

The results on both the limit and derivative criterion tests indi- 
cate that the programs do indeed teach their respective topics. On the 
basis of chance alone a mean of six would be expected on the first 2h 
four-alternate multiple -choice questions on each test. However, means 
of 12.57 and 13.12 for the kk9 subjects in the experiment were obtained 
for the limit and derivative tests, respectively. 

The pilot studies for the derivative units also showed evidence of 
the units' teaching. We can only hope that the content of the units and 
the criterion tests contain the types of achievement necessary for the 
testing of the nine hypotheses in this e:q)eriment. 



CHAPTER V 



SUMMARY AND CONCLUSIONS 
Re -statement of the Pr oblem 

The original purpose of this study was to study the merits of an 
inductive and deductive teaching approach for the derivative concept in 
beginning calculus. The ''teacher variable” was controlled by using pro- 
grammed text material for each teaching approach. To insure that a stu- 
dent participating in the study had the necessary mathematical background 
to learn the derivative^ a unit on the limit concept was first read by 
each student. This unit was also an inductive or deductive programmed 
text. 

It was then decided to expand the study, A former study to eval- 
uate the effectiveness of an indu-.-tlve or deductive approach to teaching 
the limit concept in beginning calculus by the programs used in this 
study was replicated, A total treatment study was also conducted^ using 
both the linrlt and derivative programs. The four paired teaching treat- 
ments (inductive iimit-inductive derivative ^ inductive limit-deductive 
derivative p deductive limit-'inductive derivative p deductive limi t-deduc- 
tive derivative) were compared. 

Students were divided into a high and low level on the basis of pre- 
test scores to check for interaction between treatments and levels. This 
was done to see if those students at the high level might learn better 
from one treatmentp while those at the low level ma.ght learn better from 
an alternate treatment. 
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The effectiveness of the treatments in each study was determined by 
a limit criterion test and a derivative criterion testo The limit cri~ 
terion test was used in the statistical analyses of the limit study and 
the derivative criterion test in the statistical analyses of both the 
derivative and total treatment studies » 

Instructional Pro^ams 

The treatments constituted the reading of two linearly programmed 
sequential texts on the limit and derivative concepts over a two week 
period. Four progr^ams were used^ two to teach the limit concept and 
two to teach the derivative concept. The main difference in the two 
programs for each topic was the method of presentation of the material. 
One program was written by an inductive format, proceeding from con- 
crete , numerical examples to a general abstract case. The other pro- 
gram was written by a deductive approach^ proceeding from an abstract 
generalization to concrete numerical exan^les. Both progr^ams for each 
topic contained essentially the same content of basic theorems^ corol- 
laries^ and numerical examples. The time exposure allowed for each 
ti*eatment was controlled by the number of frames In the units, 

E;xperimental Desl gn 

A treatments hy levels analysis of covariance was used in each of 
the three studies in this experiment. All subjects were assigned to a 
high or low level on the basis of scores^ on a pre-test designed to 
measure prerequisite mathematical knowledge for the study of the limit 
concept in beginning calculus. For the limit and derivative studies 
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each level was divided into two treatment groups^ inductive and deductive 
giving rise to a 2 x 2^ treatments by levels design. For the total treat 
ment study each level was divided into four groups^ thus establishing a 
h X 2^ treatments by levels design. 

Each subject in the experiment received one limit treatment and one 
derivative treatment. Criterion scores for the limit and derivative 
tests were compai»ed for treatments ^ levels and intei-aotion by the analy- 
ses of covariance. Analyses of variance were performed for each study 
to check for interaction effects in the analyses of covariance and to 
interpret the analyses of covariance results more meaningfully. Tests 
of significance were made at the .05 level. 

Prelim-inary compatations of correlation coefficients and multiple 
regression equations were also made. 

Population and Sampling 

The experiment was conducted In eight Chicago suburban high schools., 
using eleventh and twelfth grade mathematics students. Of the total of 
h63 students who began the study^ completed it. The scores of these 
hh9 students were used in the statistical analyses. 

The students were enrolled in 22 mathematics classes in the eight 
high schools in the fall of 196?. There were 338 males and 111 females 
in the total study. Four hundred scores were randomly selected for the 
statistical analyses in the three studies, Thusp there were 100 sub- 
jects in each of the four cells of the limit and derivative experimental 
designs and 50 subjects in each of the eight cells of the total treat- 
ment experimenbal design. 
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Admi ni s far a t ive Procedure 3 

The pre-tesfcj, limit and derivative units,, and limit and derivative 
criterion tests were administered to each class as it met in its respec- 
tive high school classroomo The class teacher' proctored all the class- 
room reading time^ answered all the individual student questions except 
when the investigator was present,, and graded all the multiple -choice 
questions on the criterion tests o The treatments were distributed and 
collected each class sessiono For students needing additional reading 
time^ extra class sessions during or after the school day were arranged, 
A few very slow reading students were allowed to take their units home 
for extra work. 



Crite r ion Test s 

Two paper and pencil criterion tests were used in the three studies 
as a measure of achievement. The limit criterion test was developed in 
a former research study. It consisted of 21; four-alternate multiple- 
choice questions and four short answer questions. Two of the short 
answer questions required proofs and two required definitions. 

The derivative criterion test was developed for this study. It had 
the same format as the limit criterion test - 2q four -alternate multiple- 
choice questions and four short answer questions. One short answer ques- 
tion required writing a pi oof 3 one giving an explanation 3 one doing a 
computationj and the fourth exhibiting an example of a function satis- 
fying certain conditions. Care was taken to avoid favoring ei+ ler 
treatment in the item construction of the test. 
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Both tests were given in two parts on successive days, immediately 
after the completion of the respective program. 

Results 

ihe three lesearch hypotheses in each of the three studies were 
tested by an analysis of covariance* For the limit study, the investi- 
gator founds 

lo There were no statistically significant differences in achieve- 
ment between the two limit treatnent groups shown by the adjusted limit 
criterion test means. 

2. There were no statistically significant differences in achieve- 
ment shown by the adjusted limit criterion test means between the two 
levels used in the study. 

3. There was no statistically significant interaction between the 
limit treatments and levels as measured by the limit criterion test* 

For the derivative study ^ it was found thats 

1. There was a statistically significant difference in achievement 
between the two derivative treatment groups shown by the adjusted deriv- 
ative criterion test means. The deductive treatment was favored. 

2. There were no statistically significant differences in achieve- 
ment between the two levels used in the study shown by the adjusted 
derivative criterion test means. 

j. There was no statistically significant interaction between the 
derivative treatments and levels as measured by the derivative criterion 
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For the fcotai treatinent study., the investigator founds 
lo There was a statistically significant difference in achieve- 
ment between the four total treatment groups shown by the adjusted deriv- 
ative criterion test means o This difference was between the inductive 
limit- indue tive derivative and deductive limit-deductive derivative 
treatments the latter superiors 

2o There were no statistically significant differences in achieve- 
ment bet'-‘'een the two levels used in the total treatment study shown by 
the adjusted derivative criterion test means o 

3o There was no statistically significant interaction between the 
total treatments and levels as measured by the derivative criterion test. 



Conclusions 

In drawing any generalizations in this experiment.,, we must keep in 
mind the particular sample,? treatments and their method of presentation^ 
as well as the evaluation instruments used. Aware of these restrictions 
we can concludes 

lo No advanfcage in achievement of either limit treatment was appar- 
ent. ^ but advantages were noted in the derivative treatment and the limit- 
derivative (total) treatment. The deductive treatments were favored. 

No difference in achievement between the two levels was found 
in the limit ^ derivative or total treatment study. 

3o No advantages in achievement of the treatments for a particular 
level were apparent in tne limit p derivative ^ or total treatment studies. 

The novelty of the progt^ammed texts used in this study was definitely 
a negative motivating factor. After two weeks of learning the calculus 
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material orJy by reading^ with no class discussion and little teacher 
interaction, most students expressed a negative attitude toward pro- 
granined texts. This was indicated by a response to an attitude question 
asked of each student at the end of the experiment. Yet, since all stu- 
dents used materials of the same fomat and since these materials were 
randomly distributed among all the subjects in the experiment, it is 
felt that any negative or positive effects of the programmed texts were 
present for all students. 

In summary, the results of Shelton^ s replicated limit study indi- 
cate that it is not the teaching method but the student's prior knowledge 
of mathematics, as measured by a pre-test, that enables him to learn the 
limit concept in beginning calculus. The results of the derivative study 
show that the student's prior knowledge of mathematics, indicated by a 
pre-test and limit test score, has important weight in learning the deriv- 
ative concept. The teaching method is secondary in such learning. This 
is true even though the deductive teaching method for the derivative study 
was shown to be significantly better than the inductive teaching method. 

The results of the total treatment study show that for the teaching 
of the combination of the limit and derivative concepts in beginning cal- 
culus to eleventh and twelfth grade students, as given in these programs, 
the deductive approach in teaching both concepts together is superior to 
the inductive approach in teaching both concepts together. If each of 
the concepts is taught by a different method, no difference in student 
learning, as measured by an achievement test on the final derivative 
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unil/^ is evidenio Thers is also no difference between a mixed treatment 
and a strictly inductive or deductive treatment o 

Cautions of Interpretations of Methods Studies 

Any interpretations of the conclusions of this study must be made 
with caution, particularly when attempting to apply the findings to an 
actual classroom teaching situation® The following limitations should 
be considered? 

1. In attempting to control for the teacher variable in this study, 
programmed text material was used. The high school students learned en- 
tirely from a written format for two weeks, with little teacher inter- 
action. The students may have had discussions over the material after 
class, although these discussions would have been of a limited nature 
since the materials were not to be taken from the classroom. The teacher 
could not guide or stimulate student discussionio He could not let his 
personality or skill enter into his preference for an inductive or de- 
ductive teaching approach. If human interaction and after school work 
had been allowed, the results of this experiment might have been 
different, 

2. The time exposure to the material in this stu^ was limited to 
only two weeks. Perhaps this was too short a period of time to test the 
effectiveness of a teaching method. If the study had been extended over 
a whole semester or whole school year, a teaching method found effective 
for a short period of time mi^t not be so for a longer time. Or a 
teaching method found effective for an isolated topic might not be so 
for a total unit of study involving a number of different concepts. 
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3 o The students in this study were rather mathematically sophisti- 
cated eleventh and twelfth graders« Such students may be accustomed to 
getting much of their teaching from text books written by a deductive 
approach. They may learn from just one example leading to or following 
a generalization. For these students econorry of learning time may be 
important^ and such economy may best be effected by a deductive teach- 
ing approach. If junior high school students had been subjects in this 
experiment 5 they might have shown a preference for a less formal more 
heuristic 5 inductive teaching method, 

I4. The students' mathematical backgrounds in this study were con- 
trolled only to the extent of pre-test scores. Since this pre-test is 
not a single, perfect measuring instrument, we might better have consid- 
ered a student^s total past academic performance. Results of this study 
favored the deductive derivative treatment, ¥e might find that students 
reading the deductive treatments had higher total grade point averages 
in mathematics, or in all academic subjects, than did those reading the 
inductive treatment. 

The psychological constructs operating in the testing-inference 
design of this experiment are also to be questioned. Is a test score a 
true indication of student learning? Will the material tau^t in the 
respectii'e limit and derivative units be available for later recall and 
transfer when it is really needed? 

jpTipli cations and Questions for Further Research 
In terms of the limitations of these studies just cited, we can see 
a number of implications for further research in the area of mathematics, 
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particularly mathematics taught at an advanced subject matter level. 

As indicated in the first limitation^ programmed text material may 
not be the best vehicle to use in testing a teaching method. A study 
might be devised to use actual classroom teachers in testing for differ- 
ences in teaching methods. Each teacher might be ''programmed" to teach 
both inductively and deductively. If some classes of a particular teach- 
er taught by one method show higher achievement than those taught by the 
same teacher by the alternate method^ certain personality constructs 
might be inferred to be operating in both the students and teacher. 

The permanence of the effectiveness of a teaching method in 
mathematics might be investigated. If a particular teaching method is 
superior for the teaching of an isolated mathematical concept over a 
short period of time, will this method still be effective over a longer 
time period, with a change in concepts to be taught? 

The factor of student year in school may determine the effective- 
ness of teaching method. One might investigate if an inductive or deduc- 
tive teaching approach is as effective with elementary school children 
as the same teaching method is with high school students. Is a teaching 
method effective with hi^ school students as effective with college stu- 
dents or is type of teaching method no longer a factor in student learning 
at this advanced learning level? 

Up to this time very little research has been directed toward the 
teaching of advanced topics in a subject area. Perhaps teaching method 
is not really important. Maybe prerequisite knowledge is the determining 
factor. Or perhaps students learning an advanced topic may be so highly 
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motivated^ they will learn by any acceptable teaching method. After 
being introduced to an idea these mature students have their own methods 
of learning. 

Finally, perhaps one should be more concerned with level of achieve- 
ment related to a teaching method than with differences in achievement. 
Perhaps the scores produced in the present study of the teaching of the 
limit and derivative concepts were too low to be really acceptable as 
a minimum level of achievement for either teaching method. Maybe an 
acceptable score could only be obtained by a combination of several 
teaching approaches. 

Certain questions also come to mind. Perhaps the results of this 
study mi^t have been different had the length of instruction been ex- 
tended or abbreviated. The limit and derivative units required approxi- 
mate reading time of two weeks in the average high school program. What 
if a whole semester or whole school year had been used to develop a par- 
ticular teaching method? 

A deductive method of teaching may be more successful for a short 
period of time and an inductive method for an extended period of time. 
This might be particularly true when teaching isolated concepts such as 
the limit and derivative in the larger discipline of the calculus. Or 
perhaps certain concepts in calculus are learned better by a deductive 
approach rather than an inductive one, namely the derivative concept in 
beginning calculus. Other topics in calculus may be taught more effec- 
tively by an inductive approach. For yet other concepts, the teaching 
method may be unimportant, but the prerequisite knowledge in mathematics 
may be the important variable. We showed this in the teaching of the 
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limit concept in this experiment. 

The quality of the material in the two programs was intended to be 
similar. Care was taken to make content and length of exposure to topics 
the same. Most of the numerical examples were the same. Comparable 
programming techniques were used to write both inductive and deductive 
programs. If a student reordered the material after its presentation, 
the ejqperimental design had no control over this. Thus, the individual 
student could have used his own combination of inductive and deductive 
teaching methods to learn the material in the studies. 

The removal of the human element from the teaching situation in 
this experiment should cause concern. If teachers, rather than text 
material, had been '‘programmed" to teach only inductively or deductively, 
results mi^t have been different. As mentioned before, many students 
in iiiis study were bored by learning only by reading for an extended 
period of time. Even if there were again no differences in teaching 
approaches in an actual classroom situation, we might find higher scores 
on the criterion measure than were obtained by programmed texts. 

One can also argue a long-range effect of teaching later ap- 
propriate recall of the material learned. Might it oe that a teaching 
approach could produce higher immediate criterion test scores but an 
alternate approach produce higher retention and transfer test scores? 

It can also be said that the level of the student may have an 
effect on his reception of a certain teaching method. Perhaps the 
rather mathematically mature eleventh and twelfth grade students in 
this study were more conditioned to a deductive type of teaching. 

These students were obviously accustomed to learning much of their 
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mathematics from text books, which are primarily deductive in exposition 
as stated in Chapter !• Even more important, these same students probably 
had the knowledge to abstract from given instances and, conversely, to 
apply given abstractions* 

Perhaps junior high school students (seventh and eighth grade stu- 
dents) would learn mathematics better from a more numerical, illustrative, 
non-verbal, inductive approach. They may still find the reading of text 
material difficult. For them discovery may be an important learning 
method for building up prior empirical knowledge. They may not yet have 
the experience essential for making concepts and generalizations meaningful. 

Implications for Education 

If we again take caution to avoid overgeneralizing, some interesting 
educational implications emerge from this study. 

Although programmed materials were used as the vehicle of instruc- 
tion in this experiment, several interesting results of their use are 
evident, Programraed texts can and do teach, but probably not as effec- 
tively as a classroom teacher. As this experiment also shows, programmed 
texts can be used in a meaningful way in research studies if conservative 
generalizations are made. 

The results of this experiment show several interesting findings. 

From pilot study results and related research, it was believed that a 
difference in teaching approaches might favor an inductive method. When 
differences did exist in this study, the deductive teaching method was 
found superior. Perhaps for the advanced level of students in this ex- 
periment, a formal, abstract, deductive teaching method was more 
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effective o If a less mathematically mature group of students had been 
chosen as subjects^ a concrete ^ numerical^ inductive approach might have 
produced higher achievement scores » If a combination of inductive and 
deductive teaching had been used^ mean criterion test scores might have 
been higher than for either method used alone. 

As this e^qDeriment clearly indicated^ perhaps it is the student^s 
prior mathematical knowledge that determines his proficiency in mathe- 
matics, This may be what Ausubel meant when he wrote s 

The cognitive structure of the particular learner must in- 
clude the requisite intellectual capacities^ ideational 
content 5 and experiential background. It is on this basis 
that the potential meaningfulness of learning material 
varies with such factors as age_„ intelligence^ occupation^ 
cultural membership^ etc, (^5 p, 20) 
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1* The derivative is a very in^ortairt topic in mathematics and related 
sciences* It is the basis of a beginning course in calculus and provides 
a foundation for more advanced courses* 






A118* -2 

119* The equation of this tangent line passing throu^ the point (»1> 1) 
Is * 



A233. 

23lt« Dk know Theoren 3 that if w(x) ■ w'(x.) ° 



2. Since we will need tbB limit in studying the derivative of a func-- 
tionj let us i«vlew t]:^ notion of a limit of a function* know that 
if ■ L, wo can make f(x) as "close” to L as we please for x 

in a suitably chosen deleted neighborhood of x^« (The student should 
review the mathematically precise definition of a limit of a 
function.) Which of t^e numbers in the set ^2.9* 2.99* 2.999j 3.001, 
3.l} belongs to the deleted neighborhood defined by the inequality 
lx-3| < .01? 



A119. yl ■ ^2(x ♦ 1) 

2 

120. For the second function f defined by f(x) ■ x ♦ x - 6, for which 
we expressed the slope m^ « 2x^^ 1 of the tangent line to the graph of 
f at any point, at the point (3»6) the slope of the tangent line is . 



A23l*. 



235. Wi know by Theorem 3 that if v(x) • x^, “ 



A2. 2.999. 3.001 



3, We will now introduce an alternate notation for “ I.. ® 
know that J^^(xj+Ax) » where to is a variables its value usually 
sniaU in magnitude. Thus, if Ap is a variable, ” _• 



A120. 7 

121. The equation of ths tangent line passing through the point (3,6) 
is 



A235. 2x^ 

236. Consider the following tables 



Do you see that it is possible to obtain the derii^ative of f(x) » x , 



Rule Defining the Function a 
Evaluated at x^ 



Derivative Evaluated 
at x^ 




i.e#, by taking the sum of the products of the terms on the 

li 2 3 

opposite ends of the arrows? That is, x^^*2x^ ♦ *l*x^ ® - 



A3, 

li« If Ax approaches 0^ AXi .pproaches x^^o Therefore^ * 

Ax). If Ax approaches 0, (x^+ Ax) approaches x^^^ so ^^^^g(x) 

■^ 8 ( ). 



4 



A121. y°6 ■ 7(x<-3) 

122. For the point with coordinates (■=>2i,-=ii) on the graph of f defined 
h 7 f(x) « x^^ X“6, the equation of the tangent line at this point is 



A236. (Oi^ 

237. l^t f(x) - x^ be rewritten x^ « x^o x. In this case f(x) « 
r(x) • s(x), where r(x) ■ x^ and s(x) » . 



Ailo Ax 



5. If x^ - 5, x^+ Ax - 5 + Axo Aft Ax approaches 0, (x^^^ Ax) approaches 

# 



A122> y » U » -3(x * 2) 

123# For the fourth function f defined by f(x) « x, which we discussed 
in fl*aine 72, we. found that the slope of the tangent line at any point 
on the graph of f had nunsrieal va^e » 



A237. X 

238* So D^(x^ » D^( ) « 6xj^^o 



o 



^ s 



6« Therefore ^ 



lin f(5 + Ax). 






(Tour answer should correctly coi^l*'^ ^ shaded box* 



) 



A123. 1 

X2h« ^ noted that the graph the function and the tangent line at 
any point A with x-coordinate x^^ coincided, so the equation of the tan- 
gent line at aiy point on the graph of f is -• 



A238. x^* X 

239* Wi know by Theorem 3 that if r(x) ■ x^ , r'(xj^) ■ 




k6m AX~»0 



7. If X, - =3, Xj+ 4x - -3 ♦ to. A-b to approaches 0, to 
approaches • 



A12lia. y ■ X (or f (x) _■ xl 

125, Wh can check the above statements by writing the equation of the 
tangent line to the graph of f defined by f(x) - Xo For the point with 
coordinates (2,2), since 1, the equation of the tangent line at this 
point is y - 2 - l(x - 2) or (in simplified forml o 



A239. 







2l40. We also know by Theorem 2 that if s(x) ■ x, s'(x^) 



A7. -3 



8. Therefore, 3^3g(*) " 



A12S. y - X (or t(.x) • »). 

126. For the point with coordinates (0,0), the equation of the tangent 
lim at this point is • 



A2liO> 1 



2l|l* Considsr the following tables 

urtim TVifining The Pbnc° Derivative Evaluated 

tion^ Evaluated at at 




Do you see that it is possible to obtain the derivative of f(x) 




by 



taking the sum of the products of the terms on the opposite ends of the 
arrows? Thus, x^ • ♦ • 



A 8 « *”3 ^ Ax 



9. It may be the case that x is to the right of x^ and sufficiently 
close to x^, or that x is to the left of x^ and sufficiently close to 
Xj^* Ws recall from the section on limits that Jim^^f (x) 5 now shown 
to be equivalent to (x^+Ax) p exists if f(x) approaches the same 

value L when we consider numbers which may be either greater or 
than x« 



A126« y » 0 ■ l(x ° 0) (or y «« x) 

127* For the last function f defined by f(x) « k which we discussed^ 
we found that the slope of the tangent line at any point with x>=coor» 
dinate x^ on the graph of f had a value of 



A2la. 1 , 5x^** 

2li2. let f(x) ■ X® be rewritten x° « x^° x^. In this ease, f(x) « 
p(x) • q(x) g where p(x) ■ and q(x) ■ o 




K9» less (small er) 



lOo If ne consider numbers only greater than then we denote the 
Unit hy lin ^f(x) ■ L© If we restrict our consideration to numbers 



less than x^^ then we 



the ric^t hand limit© 



denote the limit by lim f(x) « L* 



Hence ^ the left hand limit of f(x) 



L is called 
would be 



A127© 0 

126* Wh noted that the graph of this function and the tangent line at 
any point M coincided^ so the equation of the tangent line at ary point 
on the graph of f is • 



M2hZ» x^« x^ 

2li3. • 



AlO, 



11* Let US now translate the notation for ri^t and left hand limits 
into Ax notation* If Ax approaches 0 from the rights then Ax 
approaches x^ and (x^-*- Ax) is ( greater thano less than) This 

means x approaches x^^ from the right and we write x-^ * 






A128* y ■ k (or f(x) « K) 

129* Let us Treri^y" the above reasoning for the function f defined by 
f(x) - k* For the point (2,k) on the graph of fj, since 0^ the equa 
tion of the tangent line at this point is y « k » 0(x°2) or - 



K 



A8li3. 




Wb knoH tv Theoren 3 that if p(x) 



3 

q(x) - x ^5 



P'(Xj^) 



q'(x^) 



as 



O 

ERIC 



ill* grtater than^ 

12* If Ax approaches 0 tvtm the left« then (x^^ Ax) approaches x^^ 
ta)<x^, .nd IM «rlt* . 



iq29* y * h (or f(x) » k) 

130* For the point (7|k)y the equation of the tangent Une at this 
point is ( in slnplifled fona) * 



A2ltli* 3xj^^ 



2hS* Consider the following table ^ filling in the nissihg entries* 

Itole Defining the Ihnc- DeriTative Bralnated 

Eralua^d at x^ at 







A12. 




13, Then Hu ^f(x) - lim Ax) and lim J(x) » lia J(x^ Ax), 

x-^ Ax^ Ax-*0 

The ri^t hand limit is thus e 3 q>ressed as lim Ax) and the left 

Ax^eo 

hand limit is expressed as • 



A130> y ■ k 

131. Let us now extract some of the common properties from the above 
discussion. For any function f® we can eiqpress the slope of the tan- 
gent line at the point with x-coordinate Xj^ as m^ - ( limit form) . 



3*1' 



A2lt5. x^‘ 



21, . ftrom the preceding table^ x^^^* • 3x^* 



A13. lim Ax) 

AxhK)“ ^ 



lit* Consider the fanotlott f discussed in the 
section on limits, defined by* f(x) « ^ i] ** 

For this function, lim .f(x) « 11m -f(“l + Ax) 



x-^ 1 ' 



AX-M) 



2 and 11» ^f(x) « lim ^f(-l + Ax) ■ 
x-^=l“ Ax->0“ 



ittSl. liB £(y_^ 
AxhK) Ax 



1 

f 

1 




f 

1 

[-1 


j 


i 


a A 

.-1 


f 

1 

1 


• -Z 


1 




or (xj^, y^) 


we can 



write the general equatipn of th<8 tan|^nt line at point A on the graph 
of f, with slope m^, as « 



A2i{6« 6x^ 

2k7» Let us now collect the liu. valuation from the preceding frames and 
determine if a pattern exists in eiraluating the derivative of the pro» 
duct of two functions e Wh haves 

If f(x) « x^ » x^* x^, f'(x^) ■ 2x^+ x^^* (■ 

It f(x) « x^ ■ x^ • X , 1 (“ 6x^^) 

If f(x) ■» x^ ■ x^« x^, f'(x^) - x^^» 3x^^ (■ 6x^^) 



If f(x) « w(x) • v(x), f^(Xj^) « w(xj^) 



^ w 






Alii, »2 [Note '5 If you do not recall this, take time now to conTino® 
yourself that lim ^f(x) ** 2 and lim ^f(x) ® “*2o] 



l5o For the nosta^ stan^ xiinction discussed 
in the section on liipslts, P f(w)g where P 
is the postage and w is the weight, we have 

lim ^f(5 * Aw) « 30, where Aw is a variable. 

Aw-KJ 

Also, lim J(^ *■ Aw) * _o 

Aw-eO” 



1 

1 

1 



l3C7 



I 

■I 





I 

t 



I 



I 

T 






A132. y - y^“ m^(x - x^) 

133o For the exercises in Frame 11^, write the equations of the tairt^ 
gent lines at the indicated points. 



A2l*7o v'(x^), v(x^) 

2li8o In words the above pattern, [if f(x) * w(x)ov(x), f'(x^) ^ 
v'(x^) ♦ v(x^) »w^(x^) ] states that the derivative of the product of two 
functions, evaluated at x^, is the sum of the first function multiplied 
by the derivative of the function and the second function multi- 
plied by the derivative of the function, assuming the two deriva- 

tives exist. This geieralization is true, as you will prove later. It 
will be our sixth theorem. Enter this theorem on your list as Theorem 
6 . 



25 



16. Recall that the limit of a function eadsts as 3C-^ if the limit 
of the function as through values of x greater than is the 

sane as the limit of the function as 3^*^ through values of x less 
than x^. Thu3,^^(x) « L ifj^ JU) - I* " — * 



(a^ Y ^ -2 (or f(x) « °2)°. (b) y ^ (e) y » x^l (or x°y-°l ■ 0)i 

(d) y • 0 (or x-axis)^ (e) g^ 3_f_xt2 (or x°y»5 «„0l 



13iio Ihus far 5 we have considered functions 




1 

.(0,|) 




whose graphs possess tangents at each point with 






-JL 


x-coordinate x^. Consider the function f defined 


0 


0,0) 




by f(x) * lx°ll. Graph this function on your own 






► 


paper on axes similar to those at ri^t. 




I 





A2li8, second o first 

2lt9. It should be noted that it is not necessarily the case that if the 
derivative of one of the functions in the product of 2 functions doesnH 
exist at some pointy the derivative of the product wonH exist at this 
point. Consider w(x) ® x 2 and v(x) « '^here v(x) does not pos- 
sess a derivative at the point with x-coordinate x^ ■ • 



A16* L 



17. 



In our Ax) 



L if lim f(x-4- Ax) 



L and 



O 




13^. Referring to the graph of this function^ note that the 2 lines 
and Ig making up the graph and intersecting at point P with coord 
nates (1,0) make angles of and ___ degrees, respectively, with 

the positive x->axis* 



A2U9. -2 

2 ^ 0 » However, for the product of the above functions, f(x) ® w(x) 
t(x) - (x ♦ 2) • “ — * 






ja7. lim « L 

A3C^»0 ^ 

l8« We will begin the discussion leading to the deyivative of a funs® 
tion f evaluated at x^* Consider the slope of a tangent to the graph 
of f evaluated at a point on the graph whose x=coordinate is o 



A13g. 13$ 

1360 Choose a point B on the i^aph with an X'=>coordinate slightly 
greater than 1§ ioSo^ Ax * 1 ^ Ax ® Id where Ax ® 
Indicate this point on your graph* 



A2$0< 



2 3 2 3 

251 * Now consider f(x) ^ x « x^ where w(x) ® x and v(x) ^ xr o Here 

w(xj^) » 



and v(x^) ® 



O 



A18» 

19. For the function f defined f(x) « x ^ we showed in the section 
on limits that the slope of the tangent line at point P with X“Coordi° 
nate 1 is 2. Graph ihis function and sketch the tangent line at the 
point with x»coordinate 1 on a separate paper for reference. 




137. For point B, a secant line PB is the same as the line 



O 



A251o 9 x^ 



2,52. Then w^(x^) 



and v^Cxj^) ® 



85 



O 




20o Let us recon^te this slope o 



point P on the graph* 



Indicate the coordinates (x^*y‘ ) of 

P P 



A 137 o 

1380 The limiting position of such a secant line PB as B approaches P 
is line * 



A252o 





253 o Thus if f(x) ^ 1 ? • 31 ? 3 f^Cxj^) ® w(x^) « ® w'(x^) ■ 

4* s 







21o Consider a point Qs "th® ^aph of f defined tgr f(x) 




whose X“COordinate is slightly greater than i«e« x^ * 1 too For 
this choice of point Q, to « 1 and is (greater than^ less than) 0* 
Indicate such a point Q on your graph „ 



AI 38 . 1^ 

139 o Since makes a ii5 degree angle of inclination with the positiw 
x=>axis^ the slope of this line is o 



A2S3. 3x^, 2^t 



2$ho If f{3t) = f(*) “ xj so l>y Theorem 3» f'fxj^) “ • 



Do the two answers for 9 obtained in different wfys^ check? 



X 




22. Points P and Q determine a line iihich intersects the graph of f in 
2 points in a deleted neighborhood of P. line PQ is called a secant 
line because, recalling our knowledge of a circle, a secant line inter- 
sects a curve in at least distinct point(s). 



A139. 1 

lltO. Now consider a point A with x-coordinato sUghtly less than 
X." I 5 i.e. x^-*- Ax - 1 + ta “ . 5 . Here Ax • . Indicate this 

point on your graph. 



A2gi4. Yes 

255 . If f(x) “ x(l“x)» !•(*) “ * *(*j) * 

and v(x^) ■* q 



A22. 2 



23o ’Jow compute the slopes of secant lines PQ and see how these 

slopes are related to the slope of the tangent line at P© For axjQT 2 
points P and Q with coordinates and respectively, the 

slope m of thi line PO, if the slope exists, is m » --«» 



AliiO© 



^ (I,0J 

Uil« For point A, a secant line AP is the same as line 




A25^o 1“X, x^, 1“X^ 



256© Then for this function, w^Cx^^) * ___ and v'(x^) 



2^0 Wfe will now 4 ‘n<restigate the existence of the slope of the tangent 
line for the function f defined by f(x) ® ^ at point Ps ( 1 A)«> To 

y,-- 

1 Sf c*c 

S X 



do this, we will oaiqmte the slopes 5 ^-^ of secant lines FO for 



q p 

several values of to: than 0, and surmise the Unit of the slopes 

as ix approaches 0, Coraolete the table below, noting the accompanying 

graph* 



X 


y »f(x ) 






p 


P P 




f 









(PQ^) 1 

(PQ,^ ^ 



(PQ3) 

(PQi 



1 

1 



1 1 
1 1 



2 « 

1.5 2.25 
1.1 1.21 
1,01 1.0201 




.1 

,01 



,0201 



(PQ^) 1 




A257, (1-^) ° 3 ., 1-2X3^ 

258. we could have found the derivative of the above function f defined 
by f (x) ” x(l=x) in another manner. Do you see how? If f(x) ■= x(l=x) , 
f(x) - X - x^ so by Theorem 5, f'C^^) = _• ®° 



check? 



26o Note the pattern of values of in yoar table o Here Ax “ x^- 
As Ax gets smaller 5 reading down the table, the slopes of the seoant 
lines get close to the value o 



AlliS. 



lh3o For the function f defined by f(x) ® j/c-l! at I, recalling 
from the limit section the function f defined by f(x) * fx.|, you should 
show that for the present function lim Ax) - f(x.) ^ Itm ^ 

SkX. 



A258. 1 - 2x^s Yes 



2$9o If f(x) » 7x^3 ® v^(x^) ^ w^(x^) 



SB 



27 ft ^ suiwis® ‘tha.'c the limit of this sequence of slopes of secant 
lines is probably • 



Alli3, 1 

llliio For the function f defined by f(x) = (x-ll at x^« 1, reasoning 

as above o you should show that lim f(x="^* Ax) - f(x») ^ lim e 

. . n . 4x-#0 Ax 

AX 

i^®0 



A2S9. 7 • or 3gxj^**, 0 or 0, 5x^ 



260. If f(x) " -6(x*l), f'(xj^) • w(jCj^) • ♦ ▼(xj) ' w'(Xj) “ 

4. S cs6 • 



o 



A27« 2 



28. Ife expect the slope of the tangent line to the graph of f defined 
\jy f(x) - at the point (1,1) - • 



AlJili. °1 

11*5. Thus, for f defined by f(x) « lx«=lL^iyQ^^^ eval= 

Ax 

uated at ac. ( exiata. doeaa't e3d.8t) « 



A260. -6 . 1, (xj^* 1) . 0, 1 



261. If f(x) « it(x^* x^+ 7 ?* 1), f'(Xj^) “ w(*i)« v'(xj^) 

w'(xj^) - • ♦ • 



+ v(Xj^) • 
« Tf • 



. 



A28« 2 (That the slope actuall 7 is 2 will now be shown*) 



29. We will now commute th=» slOoe of the tangent line at ^ point As 
(x^j, graph of the aboire function f defined by f(x) ® x ® 

FOT this function^ another way of eacpressing the coordinates (x^^ y^) 

of kg since y ® x^ or f(x) = x^^ is f(x^)) or (x^^ Indi«= 

cate such a poisit on the graph of f on axes as below. 





!S 


k 


0 



iHli';. doean't eadst (siwse lim lim ^ 

Ax-^ Ax Ax=^ Ax 

lJb6* Let us consider the fur^tion f defined by f(x) Graph this 

fupcl^ion Cfti 

A261. tt, 33^^+ 2x^s, x^^ + x^^^ 1^ 0^ 2x^^ 

262 e Let us summarize our results from the three pre'vious frames and 
see if a general rule emerges. 

If f(x) « 7x^ 5 ^'( 3 ^ 1 ) ® 7 • 5x^^ 

If f(x) « «= 6 (x+l) 5 ) f'(x^) ® ° 6 ® 1 

If f(x) « ff(x^^x^^^'«’l) 5 , f'(xj^) = n « (5x^^-^ 

If f(x) ® k ® g(x) where k is a constant, f'(x^) ■ k • ♦ 



'X 



Note s Tour point A. may have been 
placed slightly differentlyo 



* 29 , 




30* Consider a point B on the graph of the above function whose x-coor= 
dinate, /be, is greater than that of point A« For this choice of 
point B, Ax is ( greater than> less than ) Oo Indicate such a point B 
on your grapho 



A1U6> 



/ 


^ . 


d 





lU7o For this function, the domain is the set of all real numbers greater 
than or equal to 2 and the range is -«> 



A262, g'(x^) 

263 o The above generalization [if f(x) ■ keg(x) where k is a constant, 
then f'Cx;^) ■ k,®g'(x^)] provided g'(x^) exists is a theorem which you 
can easily prove from Theorem 60 A theorem which is easily derived 
from an Innediately preceding theorem is called a ♦ 



F 




31 o Let us compute the slope of a secant line ABo The coordinates of 
point B for the function f defined by f(x) ® x are Ax, Ax)) 
oTj since f(x) “ x , (x.* 4x, )» 



A1U7- the set of nou'^negatiiye re a l number s 

II180 Referring to the graph of this function, at what point(s) would 
the tangent line(s) be parallel to the y-asids? 



A2 63 o corollary (Enter this corollary on your listo) 

26ijo The corollary, stated in words, says that the derivative of a 
constant multiplied by a function of x is the constant multiplied by 





32 o For the points « F coordinates are gifen above, the 



f(x2^+ Ax)“f(x^) 

slope of a secant line AB is 4- * 






s 



V 



f(x^+ Ax)«f(x^) 



(x.«^ Ax)^- 

1^ or if Ax 0 then we simplify ^x) ° 3^"" 



get 




ll<9o At what point(s) would th? slope(s) of the tangent line(s) not 
exist? 



A26h. the derivative of the function evaluated at x^, if this deriva° 
tive exists 

26^0 Let us now prove the theorem for the derivative of the product 
of two functions o Theorem 6 0 If f(x) = w(x)* v(x), f^(x^) * wCx^^) • 
v^(x^) ♦ v(x^)« w'Cx^^), if w^(x^) and v^(x^) exists Before proving 
this theorem, consider an alternate notation for wCx^^) , w(x^+ Ax) , 

which will simplify the notation in our proof o I^t 
w(x^) » w^. If x^ changes by an amount Ax, i.eo, x ® x^+ Ax, then, 
since w is a function of x, w^^ will change by a corresponding amount, 
which we will call Awo Thus, w(Xj^-*- Ax) will be denoted by w^+ Aw« 
Reasoning in a similar manner, let v(Xj^) be denoted by v^^ and let 
vCxj^-*- Ax) be denoted by 



o 



A'32. 2x^* Ax 



33, Point B can be made close to point k ty choosing Ax 



Alli9. (2.0) 

l50. Let us now proceed to e'^’Aluate the slope of the tange* fc to the 
graph of the function f defined by f(x) »v^ at any point with x=> 
coordinate and then consider the point where the tangent to the 
graph is parallel to the y-axis, the point having x«coordinate x^^ * 



A265* At 

266, Returning to the proof of Theorem 6, we will follow the four 
steps in the "delta process" for finding the derivative of f(x) eval» 
uated at x^^© In step (1) » if f(x) ** ‘w(x)<» v(x)p then f(3c^'*’ Ax) ■ 
w(xj^^ Ax) . v(x^+ Ax) - (Wj^+ Ah) • (v^^. Av) and f (x^) - w(Xj^) • v(Xj^) - 




K33m mull ("close to 0” or similar wording) 



3h» When Ax takes on values close to Of 
• Ax takes on values close to 



f(Xj^+ Ax)- f(x^) 



A150> 2 



l5l« If we consider both 


ri^t and 




f(*i* 


Ax) 


-f(^) 


at 2* 




JL 


Ax 






Ax) 


- f(Xi> 


at Xj^® 2 


Ax 



at 2* It is not possible to evaluate 



A266. w^* v^ 



267. In step (2) ta)- f(x^) - (Wj^+ 4»)- Wj^. - 

(slMPllfled form) . 



X3ho 



3^0 From the section on limits 9 

f(Xj^ f(ac^) 

dition as 13m “ 



tx 



the shaded box* 



we know we can rewrite the above con^ 
o Your answer should correctly complete 



. tha domain of f doesn't inc lude real numbe rs less than 2 

f(x,* 4x)“ f(x,) 

152. In step (1) for finding lim ^ — — f®*’ ^ by 

f(x)*Vx “25 f(3Cj^^ Ax) Ax}“ 2 and f(x^) ® -r^* 



A267o Av ♦ Aw + Aw • Av 



f(x»^ Ax)“ f(xj w • Av + v^o Aw Aw o Av 
2680 In step (3), Ax " Ax 



(expressing each term in the numerator over the denominator Ax) 



w 

1 Ax 



Av 

Ax 




4* Aw 




A3 $« AxhK) 



36 . Thusj, the slope of the tangent line at point A for the function 
f defined by f(x)* may be deri'ved from a line AB^ where AB is a 
line to the graph of f • 



AI52. \/xp 2 

153p In step (2), f(Xj^^ Ax)= fCx^^) “ 



A268. VS 



269 o In step (U)| 
f(x-+ Ax)- f(Xj^) 

^^#0“ Sc 



( 1 ) 

( 2 ) 







(3> “ ”i*a^ 5 * S 

Supply reasons for (l)p (2), (3). 



A36« secant 



37. Since point B can be made as close as desired to point A by taking 
tx. small enou^c, a secant line AB has a slope close to the value of the 
slope of the ________ line at point A® 



A153. ta)= 2 




l^U® In step (3) a expressing the difference quotient^ 

Ax)= f(3Cj^) 

' ” Ax ' '■ ' — " 



A269. (1) The limit of a sum is the sum of the limits a if the limits 

exist. (2) The limit of a product is the product of the limits t> if the 
limits exist. (3) The limit of a constant is that constant (w^ and v^ 

are independent of Ax and hence are constants). 

270. Recalling the alternate notation for the derivative of y ® f (x) 
evaluated at x^^ as f^(x^) we have^jpg* ^ • w'(x^) and 

a 3^ H ® a and v'(x^) exist® 



A37> tangent 



f(x^+ Ax)=> 

38# The slope of the secant line AB, nig* Ax ^ * 

close to the slope of the tangent line at A as te ^ts clo« to 0. tte 

nay express this condition as a Ax 

l^„(2x,* to). This Unit has the ■ralne . 



V(x,* to)- Z 2 

A15U. Av 



f{xj^+ to)- f(xj) 

155. nnally, in step (U), 3^* S“ ” 

iOBrPO 



A270. v'(x^) 



271. The tenns in the last line of frame 269 can now be expressed as 
Av 



A AW 



and 



]^SWo ^ Ax ^ 



.9 



A38. 2 x ^ 



39. Thus, if f(x)“ x^, we can esqpress the slope of the tangent line 

at a point on the graph of f , with x«coordinate as 
f(x-+ Ax)- f(x-) 

®t"J^®0 Ax " • 



lim . 



v/(x^+ Ax)- 2 2 



Ax 



V(Xn+ Ax)° 2 -VXx“ 2 Q 

1^6. If we try to evaluate lisa ^ ^9 we obtain 

Ax-M) 

which is • 



A271. w^(x^), v^(x^) 



272 o Thus^ we have 

f(x,e Ax)- f(Xj^) 

^ - -5 ^ ■ »1- ^'(*1>* ’l- " <*1>* 




kOo A't the point on the g?eaph ©f fc, 1« Tot slope of ths 
tangent line at this pointy or answer 
cheok with that surmised from our 'table in .f^am@ 25? 



A156o un def ined (or inde'tarmii'iat®) 



l57o Howevar^ the abo’ij’a limit does eacisto, To find its i?alu@D we ©an 

=vSq-T 

express the difference quotient in a different 

formo You remember from the limit sest^tlon that we rationalize the 



numerator by iisiji'ti.plying bo'th numerator and deno mina tor of the e.'jqjres'^ 



Sion 



dx;- 2 s* 



'^1 






1 






^ '^1* 



4> 



273 » The limit of the differenee quotient on the left hand side of 
the expression in frame 269 f^(x^)«> We ha^^e 

v^® w^(x2^)^^i^ Am o Rei?iewing the 

on your list [if fCx)^='- m(x)® ‘vCx)^ «o« 3 and oomparing*‘-this statement 
to our expression for f^(x.) in the preeeding 



sta'tement of the theorem 



sentence o we must show 






^ j CO 



o 



l(lo For the point with coordinates so the slope of 

the tangent line at this point is obtained fro* 2Xj^ and is nuiner- 



ically 



A157. 



Ax 



Ax( 2 ^ 



1^8 o Let us now evaluate this limits 

Ax-^O 



f(x^^ Ax)= fCx^^) 



Ax 



lim^ 



Ax 



lim 



1 



Ax-eO^ Ax( Ax)“ 2 2) Ax=-^ 



4“-\/3^ 2 



A273> ze ro 

27ii# Since v'Cx^^) is a constant^ i«e «9 the value of the derivative 
of V evaluated at a fixed or constant value 
- 0 . 



we must show 



2 0 k 



it2o If we consider the points with coordinates (0,0) 

(I, on the graph of f , ^ ^ „ respectively and the 

slopes of ths tangent lines are <, i> respectively. 






2 



1^9 o Why can we write lin 






Ax=^ Ax( ♦ Vx^T ) 



as 



lim 



Ax-^ Ax)- 2 2 



? 



A27lio ^ 

275o To do this, we must show that as Ax approaches 0, Aw approaches 
0. Consider the expression w(x^4- Ax)® w^-*- Aw « w(x^)^ Aw, in terms of 
our alternate notation. For w(Xj^ Ax), we see that as Ax approaches 0, 

^ V to) - 



O 



'X 



Kh2o °5» O 3 - 10 ., 0^ 




2 

U3o Con&iu&T ith© t’ d>e.t':A.:iied. by j ® x 

(^aph this f-andti-on and ske vdh t.b« tangent ‘Line 



6 d:r 



r(‘3e)' 






X 



6 . 



at th% pdint P with 3 c- 



coofdihate 2 ©n a aepax’at© paper for t^f ©rexift© o 



Al59o Sin^eAx^Oa 



Ofl (gan dlTi,de b©th mmerator 



and denomimtor ©f the 



I 6 O 0 2 ©t UB mm sonsldter ths p©:lni ©n the g^^aph ©f t defined 

whef© the tangent line is parall®! to the y^axis® This 
point has an .x-ooordinatSf Xi£* o 



A275o w(x^) (or w») (Not© that we must here assuins the continuity 
- — ^ of the fujfiction w^ a concept we will not dis- 

cus-^ in this uhito) 

2760 If this is the case^ then the right side of the ab©^e equality^ 
wCx^*** Ax)® w(x^)'^> AWg must approach the same w(x^) as Ax approaches 

0. This is the same as saying that as Ax approaches O 3 Aw approaches _ o 



o 



AU3. 

l || |p jjst us now coittpUte the slope of the tangent line at point P& (2g0)® 
Consider a point Q? ©n the graph of f defined hy f(x)= x * x°6g 

whose X“Coordinate is slightly greater than 2| ioSop x^® 2 * Ax® For 
this choice of 0® Ax - x^- x which is ( positive « negative ) ® Indicate 
such a point Q on your graph® 




Al60o 2 

l6l. The slope of the tangent line at way point (x^£,y^) such that 

1 

x^i2is 2^^^ . If *1- 2, _« 

Skip a page for the answer to Fr^m 161® 



$ 



A276® 0 

277® Thus, if Ax approaches 0, then Aw approaches 0, so^^jd^ Aw can 
be expressed asj^ljp Aw Aw and this liadt has the value 



o 



kUU - posltlTe 




life will now cottptite the slopes of se^snt lines PQ and sumise the 
linit of the slopes as Ax annroaches 0« Conplete the table below^ 
noting the aceon^nying grapho 



*p 


yp-f(Xp) 


*q 


yq=f(*q> 




yq-^p 

«f(Xq)°f(Xp) 


* V*P 


(W],) 2 


0 


3 


6 


1 


6 


6 


(PQ,,) 2 

M 


0 


2.5 


2.75 






5.5 


(PQ 3 ) 2 


0 


2.1 


.51 


•il 






(TQj,) 2 


0 


2e01 


.0501 


oOl 


.0501 




(Mj) 2 


0 


2.001 .00$Q01 


.001 


.oo 50 d 






A277> 0 

2780 We hafe now proved the result required in frame 273p since 
dw« v^(x^)“ 0 « v'(x^)* • 



MS. .5 2.75 

.51 5.1 

5,01 

5.001 

l»6o Note the pattern of values of in your table. Xs 6x ” 

gets smaller j, the slopes m of seoant lines get close to . 



AI6OL0 undefined 

f(x-+ 4*)= f(x,) 

162. Nb see that lim ^ to — evaluated at 2 is not 

defined^ so the slope of the tangent line £© 3 “ 2 (exists a doesn^t 

exist) o 



A278o 0 

279 o Reviewing^ we have proved the theorem that if f(x)® w(x)» vCx)^ 
r(x^)= w(x^)<> v^Cxj^)^ v(x^)o w'Cx^^)^ if w^(xj^) and v^(x^) existo Ife 
can answer the nosed in frame 230 that soui^t to determine if 

the derivative of the product of two functions evaluated at x^ was the 
same as the product of the derivatives of the functions evaluated 
at Xj^o Hfe know from previous exaaples and Theorem 6 that the answer is 



o 



Ali6o ^ 



U7o We would expect the slope of the tangent line to the graph of f 
defined hy f(x)* x « 6 at the point (2^0) to be __o 



Al62o doesn^t exist 

f(x,‘^ Ax)= f(x,> ^ ^ XI. 

163. Since — — =*=- is the slope of the tangent to the 

graph of f at the point with x°coordinato x^^^ we know that this limit 

will not exist (wiH not be defined) at points on the graph for which 

the slope of thi tangent line assumes a ( horisontala vertical) positioni 



A279o no 

280» We will next consider a function f defined as a quotient of two 
functions^ i.e., f(x)- for v(x) 0. We know that the limit of 
the quotient of two fhnctions is the quotient of the limits of the 
two functions^ if these limits exists so we shall want to investigate 
if a corresponding relationship holds for the derivative* Since the 
derivative of the product of two functions was not the product of the 
derivatives of the Ibnctions, would you expect the derivative of the 
quotient of two functions to be the quotient of the derivatives of the 
two functions? 



Xix7 o ^ (That the elope actually ie ^ will now be shown*) , 

Ii8. Now let us conqoute the slope of the tangent line at ary point As 
(^i^y^) on the graph of the above function f defined by f(x)® x«=6* 

Graph this function on your own paper on axes similar to those below 

y 

and Indicate such a point A* 



Al63o vertical 

l6lto Yetf> we can write the equation of the tangent line to the graph 
of the function f defined by f(x)«V3c =■ 2o Recalling that this line 
is parallel to the y=axis and passes through the point (2^0) ^ its 
equation is ♦ 



A280o You would not expect this to be the case* Read the following 
proof to convince yourself* 



281* The theorem reads s Theorem 7 o IT f(x)® 

v(x»)o w 

w^(x^) and v^(x^) exists then f^(xj^)* — — 



v(x)/ 0 and 
'(3^)- w(Xj^)* v'CaCj^) 

[▼(*l ) f 



/ 0* (Add this theorem to your list*) 



provided 



/ 



Ait8. 




X 



Notes Your point A' may ha-ve been placed 



slightly diffe^nfely. 



Ii9* Consider a point B on the gpraph of f, as defined above 5 whose 
coordinate Ax) is less than that of Ae For this choice of point 



on your own paper* 



A281. v(x^) 

282 o stated in words ^ the theorem says that the derivative of the quo^ 
tient of two functions evaluated at x^^, assuming the existence of the 
derivatives of the two functions ^ is the denominator multiplied by the 
derivative of the numerator minus the numerator multiplied by the deriv- 
ative of the denominator^ this quantity divided by _ q 



Ax is 




than) 0* Indicate such a point B on the 



graph of f o 



AI640 X ” 2 



165 o Consider the function f defined fey f(x)« “* Graph this function 



Ali 9 ^ less than 






6 




50 ® Points ii and B datetwine a secant lin® of the ^ajJi of f ^ the 



at A* The coordinates of point B are Ax))^ or since 



A 

1660 The domain of f defined by f(x)“ ^ the set of all real numbers 
except zero and the range of the function is -<> 



k2^2^ the square of the denominator « provided the denominator is no_n» 
zero 

283o we will omit the proof of this theorem, which can be found in most 
beginning calculus books. let us illustrate its use, however. If 
f(x)- X / 3 , k(x)- t(x)- , w(Xj)- , v(Xj)» 

w'(Xj^)" ( ▼'(x^)“ • 



slope of which will enable us to find the slope of the tangent line 



f(x)» x^^ X - 6, (Xj^^ Ax, 
dinates on your graph. 



) o Indicate these coor<=> 




,9 



to)= 



51, The slope of the seeant ilae AB^ b^s 

f(jtj^* ta)- f(xj^) [(y tx)^* (y to)° 6]°[3 Cj^^* y 6] 



(in simplest fotn ) if Ax r Oo 



Al66o the saiiii (the s?t of all real nambers except zeyojo 

16? o thB graph of this ftmotion^ for what mlne(s) of x^ would 

you ® 3 ^©ot th@ slop6(s) of th@ tangent line(s) no^ to exist? 



A283o X ♦ 1^ X ° 3» ^ 



* 1 < 



Xj^“ 3s Is 3* 



281 to ThuSi> f^(x^) 









W^(X 2 ^)“ w(x^) o ■^^(x^) 



Y 

(Xj^- 3) o 1 ■=■ ( Y 1) » 1 

''"2 ' 



(x^^^ 3) 



the numerator ) fl if x^, / 3< 



il5lo Ax ^ 1 

$2o Point B ean be made as close to point A as desis^di, bgr choosing 
sufficiently close to Oc 



Al67o 0 

1660 let us pj^oceed to show that the conjecture in the previous fSpan® 
is indeed true© You should verify that for f(x)® 



f(x^) 



and lim ^ 



fCx^'fr ^ 




2 




O 




H?* 1/0, W(x) 



.2 



28$© If f(x) * 



v(x) 






O 



r 



1^2 > Ax 



f(x,+ Ax)= f(x,) 

53p 1«ien Ax is close to O5 — 2x^* Ax ♦ If, so 

m is close to o 



AI680 0 



^ Ax)“ f(x^) 

169 o Thus, if x^f 0, w^« ^ 

doesn^t exist) o 



^ ( existS fl 



A285p x^+ 3x, x^-fr 1, x^^^ 3 x 2 ^, 1« 2Xj^+ 3, 3x^^ 

t(x,)« w'(x,)“ w(x,)» t'(x,) 

286. Thus, f'(x,)« ±— - g ' ^ 

^ [v(xj)]2 

(Xj^^+ l)(2Xj* 3)- (Xj^^+ 3Xj^)(3Xj^) 

1)^ 

" ( sjjBpllfylng the nnasrater) if Xj^^* 1 / 0< 



iS3. 2Xj* 1 



Thus^ the slope of the tangent line to the graph of f defined hgr 
2 

f(x)« X ♦ X “ 6 can be deriwd from the slope of the secant line KBe 



f(x-^ Ax)- f(x,) 

This slope can be expressed aej^ip^ ^ «j^Q(2Xj^» Ax ^ 1) 



Al69o exists 



170 * 



For Xj^® 0 , STaluating 



9L 




we conclude 



is 



O 



J^86< 



“ * 1 **- 2 * 1 * 3 






1 )' 



7 

287. If f(x)* X / -Up w(x) * _ 

w(xj^) ■ fi v(xj^) " f w'(x^) 




O 




kShf> 1 



55o At the point (2^0) on the g?:>aph of f^, 3!^® 2® The slope of the 

tangent line at this point is ^ 

answer cheek with that surmised in frame i}7? 



AI 7 O 0 undefined 

171 o For the function f defined hy f(3e)®‘\/x ° ^s> we were able to write 
the equation of the tangent line at (2^0) e'^n though the slope of this 
line didn't exist® This was true because the tangent line existed and 
f(x)sVx “ 2 was defined at this point and had the -^lue ® 



A287, 



■f hi 






^ h 



9 



1 



v(Xj)o w'(x,)“ w(x=)e v'(x,) 

2880 Thus, f'(x,)« ■ — ■ y ■ - — — 

^ Mx^) T 

k) o 7) • 



cEa]^ 

« ( simplifying the numerator) if «=>U# 



Tour answer should correctly complete the shaded box* 



*55. 5. Yes 



X ^2X 

56o Considering the points with coordinates (0j‘=6)j 

on the graph of f , x^» ,, , respectiwly and the slopes 

of the tangent lines at these points are , a respectiirelyo 

V ■ 



A171a 0 

172 o For the functi’^n f defined by f(x)» p this function not only 
lacks a defined slope for the tangent line at a point wi^^i x^coordinate 
Xj^* 0, but f(x)“ i is not defined if o 



x,^+ 8x,+ 7 
A288« 1, X.4- It, 3 -3^ 

^ hr 

289. If f(*)- ■ K 7x - 6 / 0,v(x)- _ 

6x^« 2x'^4- 7x ® 6 

v(x)« , w(Xj^)- . x(Xj)« J, w*(x,)» 

V'(Xj) - 



t66o Og 



1 



3 . 2 



^7o Consldat' the function f defined by y a^/25 - or f(x)«v^5^ - 
We showed in the section on limits that the slope of the tangent line 
at point ? with x-coordinate h was “^5 Graph this function and sketch 
the tangent line at the point with x=>coordinato I* on a separate paper 
and indicate the coordinates of point Po 



A1 72 , 0 

173 o It is not possible to write ttss squation of ‘the tangent line to 
the graph of the function f defined by f(x}« ^ at a point whose x» 
coordinate is ” 0^ i©eo^ the tangent does not exist at this pointy 
because there is no correj^n^^imdlng second element belon^ng to this 
function whose first *'‘^#*ment is • 



A289o 7x^4- 9x - 1*^ 2x^-4“ 7x “ 6g 

2 xj^^+ iTL^- 6, 9x^- 114 X 3 ^* 9) 2kx^- 60 i^* 7 



29O0 Thus 5 f(x)® 



v(x^)« w^(x^)-= w(x^)« v'(x^) 



if 0* 



Skip a page for the answer to Frame 290« 




tSl. 



1 







58 o As for the previous funetious. ne will now atten^t to arrive at 
a reasonable value for the slope oi this tangent line at (ijs3) and 
then investigate if it is indeed the correct value for the slope o 
Consider a point Qg (x « y ) on the gsfaph of f defined by 

- ^ H 

f(x)*v^5 ~ whose x=C(wrdinate is slightly greater than ilt| ioe«a 
Xq® 1* * Axg where dx ® Xq-=> _______ is greater than Oo 




A173> 0 

17li. Thus 5 , in the case that the slope of the tangent line to the graph 
of a function is undefined at a point with x=coordinate x^^ it may not 
be possible to write the equation of the tangent line at tMs point if 

O 

Skip a page for the answer to frame 17li* 



A58o X (or h) 

P. 

59 o ys vill datdmiiiiB if tUft alopis df secant lines FQ approach a 



lijnlt as Ax approaches Q« Ccn^lete the table be low ^ noting the accom° 
panying graphical repre dentation* 



P 

¥ 

k 

k 

k 

h 



fp’ 



q 

r 

11.5 

2i.l 

#ox 



yq-f(Xq) 



q p 



yq*yp“ 

f(Xq)-f(Xp) 



!a3 



q p 



PQJ 

PQ, 

K 

”5 



3 

3 

3 

3 

3 



0 

2.179 

2.862 

2.96662 



1 

0.5 

0.1 

.01 



-3 



.01338 



-3 

“1.38 




A290» ^ 6x2^^-2x^^+7x^- 6) ( 9x^^«llix^+9 ) »( 3x^^-7x^^+9x^“li) ( 2l*X2^^=>6x^^4-7) 



(6x^^« 2Xj^^*f Tx-*" 



ey 



291 o Let us aoBiaarize our work* We have introduced the derivative of 
a function f as the slope of a tangent to the graph of f at the point 
with x-coordinate and have presented seven differentiation theorems 
and one coroUaiy* You should now review your list of these theorems 
and the coroUaiyo Following is a group of exercises you should be 



able to complete using these theorems and the corollary* 



(«) 


If 


f(*)» 


(9x « 7)(x^^ x^» Iix => 17), f^(x^)» 


• 


(b) 


If 


f(x)- 




if x^ / ♦ 1. 


(c) 


If 


f(x)H 


[x®“ 3)^. f'(Xj^)- 


• 


(d) 


If 


f(x)- 


if *1 / 5, f'(Xj)- 


if x^ / 5. 


(e) 


If 


f(*)- 


2,-1, f'(x^). . 


if x^/ 2*=1* 



o 

ERIC 



60o As Ax “ X - X gpts snallera reading down the table, the slopes 

q P 

m of the secant lines get close to the Talue — • 

>‘nr- *■ 

M7iio f(x) does not exist at this Tx>int 



175* An example Of fttOH ♦ ftthictldn f just discussed Is defined bj 















' ...... -Jv 

.... .Sfjf .r V*3% 



4291, (a) 36aCj^^*faCj^^.^6ic^-12S[o r(9Xj^~7)(3Xj^^-«2x^-b)*(Xj^^«»^^-ltXj^°17> 

-7x/^a4^r_ (x^.l)(7)-( ^( 2^^ 



(9)], (b) 









" " -fr- 



(or 9 



kx^--30x^'a$ ( 6ac^^«3) -x^( 2x^c.^) 

. „ Q2> n . — ■ "■ n , 






(^5)' 






(e) (x^ -2) (xj^»l) (l2x^^-ll|X^)-(ll:cJ^^°7»3^^^*9) (2yl) 



292 o Hfe will Introduce one more basic theorem to allow us to differ- . 
entlate functions of functions, or coB^osltes of one function by another 
tet us first discuss the composite of one function by another, or more 
simply a composite function* ^y definition, a function is a set of 
ordered pairs such that no two distinct ordered pairs have the same 
element* 



“ 1 * 

M>60o ' =’lc33oooOr ^ 



6lo Ve would eaqoect the slope of the tangent line to the graph of f 
defined by t(x)-y/z$ » at the point (Us3) to be 



A175. I 

176o It is also true that the slope of a tangent line to the graph of 
a function may not exist at a point with x«coordinate but it nay 
be possible to write the equation of the tangent line at this point 



beeause 



A292o first (Review the definition of a function in the section on 
limits if you had difficulty answering this item©) 

293* A composite function (or a composite of one function by another) 
is defined by f[g(x)] or (f o g)(x)o An example of such a function 

f o g is defined by f [g(x) 3*(f o g)(x)-[(x^+ l)]^^* ■ g(3c)“ ^ 

f(a)“ f[g(x)]« 



O 



A61o »lo33*ooor “-j (That the elope actually is will now be shown.) 

62. Now we will conqpute the slope of the tangjent line at any point As 
( 3^5 7j) on 'bho function f defined by f(x)«vS-^ 

Graph this function on your own paper on axss sinilar to those below 
and indicate the coordinates of point A. 



- f -- 1 


y 

>(0,6) 


(-^0 r « 


\6,a> 



A176. f(x) is defined at this point and the tangent line exists,. 

177 o An eacai^le of such a function f previously discussed is defined 
by f(x)- . 



A293. 1 



29li, For this function, an ordered pair belonging to f o g is (x, ) 




63 « Consider a point B on the graph of the seaii-circle whose x«coor= 
dinate, x^+ Ax^ is slightly greater than that of A. In this cane^ Ax 
is greater than 0© Indicate the coordinates of such a point B on your 
graph. 



1780 Thus far 5 we have considered the slope of the tangent line to 
the graph of a function f at a point on the graph of f with x^-coor^ 
dinate x^^ as a linitg . <> 



A29ito it 

295. Other ordered pairs belonging to the function are (0,1) p (2,25), 

(»lg ^)j (3 j )o (Note here that we are en 5 )hasizing the fact that 

a conqposite of one fhnetion by another is a function in the “ordered 
pair“ sense discussed in the section on linitSo) 



A63> 

y/t% - 





) 

A: 




0 ' 



Axp f(x^**- Ax)) 

(Xj^+ AXj Ax)^) 



f(x^4^Ax)-f(Xj^) 

61t* The elope of a correaponding eeeant line AB ie 



or 



A178, 



f(xj^+ Ax)- f(aC]L^ 



Ax 



179 o We then proceeded to show that this limit does not always exist 
f(x^+ Ax)- f(x^) 






Ax 



is not defined (becomes infinite) or if 



lim 

Ax-K)' 



f(xj^^+ Ax)- f(Xj^) ^ 
,- “ Ax ^ 



A29^, h. 100 

296* Another exanple of a cosqposite function f o g is defined by 

(f o g)(x)» f[g(x)] *Vx^ 
z - g(x) - x^ 



f(z) « f[g(x)] 



A 61 ., 

Ax ' 



65 o When Ax is close to 0^ both numerator and denominator of 
f(Xj^+ Ax)» f(x^) 




approach 



A179o 



lim ^ 
Ax-M) 



f(x^+ Ax)° f(3Cj^) 




180 , 



f(x,+ Ax)= f(xj 



is undefined (becomes infinite) or if 



f(x^+ Ax)° f(x») f(x.^ A:^)- f(x=) 

lim T, r 4. ' Av '" g ^ 

Ax-^" ^ Ax-^ ^ 

slope of the tangent line to the graph of the function^ at the point 
with x°coordinate ( exists « doesn^t exist) • 



A296. a/T 

297* Ordered pairs belonging to the composite function fog defined 
above are (1^1), (2^VS”), (3j )p (Op ) ♦ 



A65> 0 



66. Vte will thus seek an equivalent expression^, if such exists , for 
the above algebraic expression^ in order to evaluate its liinit as Ax 
approaches 0. From the limit section, we know that we can rationalize 
the numerator of the expression by multiplying both numerator and de- 
nominator by , 

Al80. doesn^t exist 

l8l. Following is a group of exercises for which you are to use the 

information in the preceoing discussion, (a) If f(x)«[x 4- 2|. does 
f(x^+ Ax)- f(x-) 

hi^ic “ — *1® 2 ®3dLst? A graph may be helpful In 
responding, (b) If f(x)* find the equation of the tangent line 
at the point whose x-coordinate is x^» 3. (c) If f(x)« Vx"^' i?, find 
the equation of the tangent line at (-5j)0). (d) If f(x)s (x + 2), 

find the equation of the tangent line at (“2,0). (e) If f(x)sVx^ 
find the equation of the tangent line at (0,0). (f) If f(x)» x^+ x^ 

X ♦ 11, find the equation of the tangent line at (-1,10). 

A297. ’\^(or3VT'). 0 

298. let us now concentrate on recognizing the form of certain compos- 
ite functions (or con5)osites of one function by another). This ability 
will be needed for the next differentiation theorem. Note that f[g(x)] 
- (f o g)(x) denotes that f is a function of g defined by g(x)« z and 

g is in turn a function defined by the variable . 

Skip a page for the answer to Tram 298. 



o 

ERIC 



* 66 . \/vi -(xj^* 4 x )*+\/25 - 



67o Thutp if Ax 



^ V^2S -(Xj+ 4 x)*-\/ 25 - *x)^-\/25-Xj^' 

/ 0 , - - 



■\/25 -(3CJ+ A*)^*V^5 - 

^5 6*)^ 



f(x,+ Ax)“ f(x.) 

A181, (a) No. For X.- 2, lim . « 1 and 

^ Ax-»0 ^ 

f(x-+ Ax)- f(x-) 

lia " " Ay " "" — “ “ defined for x.® 3^ 

Ax-»0*° •*• 

so the tangent line does not exist at this point, a (c) x » 

® X -fr 2 q (e) y « 0 (or x-axjs)fl (f) y ° 10 « 2(x ♦ 1). 



182. To sunmarize the discussion in the preceding section^ you see 

that there are functions for which the right and left limits exist but 

f(x^-«- Ax)- f(x,) f(x- 4 - Ax)- f(xj 

are not equals i.e. lim . - 7 - f lim — -i— - — ±- , 

Har*0 ^ ** 

Some of these ftinctions^ defined as follows 9 we have discusseds: 
f(x)=tx “ l|p g(x)«\/x - 2o When it is the case for the function f 



that lim 
Ax-^ 



A^ 



f(x^^ Ax)- f(Xj^) 




• lim ^ 
Ax-eO 



f(x^+ Ax)- f(x^) 



Ax 



; we know that 



Ax 



( exists, doesn^t exist) 



A67. 




68. Since the slope of ft secftnt line AB can now be expressed as 
® 2x^4 Ax 



Al82o exists 

f(x^+ Ax)“ f(x.) 

183. If j^i^Q — — exists for the function f^ wo define 

the derivatl*^ of f evftlufttftd at to be this Unit. The derivatlTO 
nay also be considered a function. 

Definition 2 s The derivative of f^, evaluated at x^^ is 
f(x-+ Ax)« f(x-) 

^ — — if this limit exists. Add this definition to 
your list. Referring to the ’^Ust of Definitions and Theorems we 
see that the derivative of a function f evaluated at x^ is the same 
as 



A298. X 

299. The con5)osite function fog defined by (f o g)(x)» f[g(x)]« 



ra ^ 




when Ax is close to 0. m. is close 

' s 



to 




A68 







69 o Thus 3 the slope of tl|e tangent liitie to the graph of f defined by 

can be deri^d from the slope of the secant line AB* 

f(x^+ Ax)- f(x^^) 

This slope can be expressed as^^^— ^ ® 




A183o the slope of the tangent line to the graph of f at x^ (or an 
equivalent expression) 

l8iio The derivative of evaluated at x.^ is sometimes denoted by 

fCx-j-^- Ax)° f(x« 5 ) 

f^(x^)l ioe«a^^^^ ^ ^ — « f'(x 2 ^)« Other notations for the 

derivative are y^^ Differentiation is the name given to the 

process of finding the derivative of f evaluated at x^o Thus^ we dif- 
I ferentiate f (x) to find <> 



A299o a/T 

2 2 

30 O 0 The coD 5 )osite function fog defined by (f o g)(x)»(x ♦ 1) may 

2 A 

also be defined by (m o n)(x)s m[n(x)]* ( v * 1 ) where n(x)« 

and m(z)« 2 ^® 



er|c 



169 o 







70 o At the point on the graph of f with coordinates (hs^^) s, x.» it* 

The slope of the tangent line at this puint is ^ ■ 

\/25 “ 

Does this answer chack ^ith that sunnised in frame 6l? 



Il81t< 



f^(Xj^) 




.or 



Ax)^ f(x^) 

Ax 



a yV 



dx) 



185 o Ilieoreins eadst that considerably simplify our work in conqputing 

this limit* We will now proceed to pro^ some of these theorems* called 

f(x-^ Ax)“ f(xcj) 

derivative theorems. ^ — — - a if this limit 

exists and is the . of the ihnction f evaluated at x^^o 



A300. 1 

301o Thus^ you see that a function has more than one representation 

as a composite function “ - in fact^, an infinite number of such 

representations© Can you think of otl»r ways in which (f o g)(x)« 

2 2 

f[g(x)]« (x * 1) is a composite of one function by another ^ different 
ffom the above representations? Some other representations follow^ 
which may be the same as or different from yours© Check your results 
with your teacher if you have questions© 




A70. 



h 

I 



Yes 



71# Considering the points vith coordinates (lp\/3D 

on the graph of the slopes of the tangent XAnes ft these points 
are » 9 respectiTely. 



Al8^a derivative 

186 . Ve have already proved two derivative theorems in the first sec= 
tion of this program that enable us to find f^(x^) for the function f 
evaluated at !The first of these theorems is suggested in frame 97o 
Theorem 1 § If f(x)» 0. (Add this theorem to your list.) 

In words 9 this theorem states that the derivative of a constant func» 
tion is o 



^^7;^ 



302. Consider the second composite function fog given above, defined 
by (f o g)(x)® f [g(x) 0 which may also be defined in a dif- 

ferent way as the composite of one function by another. Since Vx^ 

( ve may write (f o g)(x)®(p o q)(x) or p[q(x)]® ( 
z ■ q(x)«V^ p(z)® p[q(x)l" 




z 



A*?! ft ^ 

Afl* Oa *2 a 22 

72. Let us now consider the identity function f defined by f(x)« x. 

We wish to coinpute the slope of the tangent line at any point A, with 
x-coordinate x^^ on the graph of f « Qraph this function on your paper 
and indicate point A^ using axes similar to those below. 

y 



Al86. zero 

187. This theorem is equipollent to the statement that the slope of 
the tangent line at a point with x-coordinate x^ to the graph of f 
defined by f(x)« k is _• 



A 302 . 

303. The composite function defined by (f o g)(x)« f [g(x) may 

also be defined by (m o n)(x)- m[n(x)]» where n(x)« and 

n(z)“ 




73 o The point k has coordinates (x^, f(xj^)) or since f(x)- 



X, 




Al67o zero 

lb6o The second theorem concerns the derivative of the identity func= 
tion f defined by f(x)® Xg which we showed in frame 85 was one® 

Written in mathematical notation^ this theorem states g 

Theorem 2 g If f(x)*» x, f^(x^)* ® (Add this theorem to your list®) 



A303< 



30iio We have now expressed (f o g)(x)*v^?~ as the con5>osite of 



one 



function by another in three ways® Can you think of other ways^ dif- 
ferent from the given three, for which (f o g)(x)*v^?” is a composite 



of one function by another? Some such representations follow® 



A73o 



7lip Consider a point B ^ ^ graph of f whose x^coordinate^ x^* Ax^ 
is sli^tly ^?eater than that of point A« For this choice of indi*= 
cate this point on your graph* 



Al88e 1 

189 o This theorem is equivalent to the statement that the slope of 
the tangent line to the graph of ig defined hy f(x)® x evaluated at 
a point with x=>coordinate is * 




305« Consider the composite function fog defined hy 



or f [g(x) ]e (x ♦ 1)” 3 where g(x)* x ♦ 1 and f(az)* 




# 



A7lio 




0 



7^0 Points A and B determine a secant line of the graph of f • In this 
case^ such a secant line AB coincides vith — * 



A189o one 

190o A useful theorem concerns the derivative of a power of x, the 
function f defined by fCx)®* x^j where n is a positive integer* For 
f(x)- x^, we saw in fr^ 39 that . . q 



- 1 

306o The composite function fog defined by (f o g)(x)“ (x ♦ 1) 3 





and p(z)“ 



the graph of f (or equiralent wording) 



76o We know that the slope of the line which is the graph of f defined 
hy f(x)« X is 



JClSOo 2x^ 

I 9 I 0 For f(x)® (see the first term of the ejqpression in exercise 
181 (f)) you can conclude f'(Xj^)“ 



^ X + i 

307o The conqposite function fog defined by (f o g)(x)* (x ♦ 1) 

nay also be defined by (m o n)(x)-^(x ♦ 1)“^ where n(x)- 

and m(z)« 



O 






o 



77 o The tangent line at A coincides with 



*191, 3:^^ 

192* For f(x)« X, f(x) is a power of x, namely the power* 



1 

A307o (x ♦ 1)“^ (or ^ - ^) g (or z^) 

“ 1 

308 o Can you define (f o g)(x)« (x ♦ 1) as a conposite function by 
representations different from those cited above? Some such represen- 



tations follow* 



A77 o the gyaph of f (or equlva^nt wording) 



78. Thus, the »lo^ of tho tan|!int liiit At A is 
A192. first 



193. For f(x)- X » x^, we showed in Theorem 2 that f^(x^) 

X «»X 

A308. 1 . [(x ♦ [(x ♦ 1)3] 9 



309 » Following is a list of functions you are to define as composite 

functions in two other ways as indicated s 

(al) F(x)»(f o g)(x)« X where g(x)» x^, f(z)* f[g(x)]« a®. 

(a2) F(x)-(f o g)(x)» X where g(x)» x*, f(z)- ffg(x)]« z^. 

(bl) H(x)-(f o g)(x)« i » x"\ x^O, whore g(x)- x^, f(z)« f[g(x)] 

a 

■ z . 

(b2) H(x)»(f o g)(x)« X®, X / Oj where g(x)« x, f(z)» f[g(x)]« z“^. 



“3 

(cl) Q(x)«(f o g)(x)« X x > 0 where g(x)“ x, f(z)« f[g(x)] 

m 

■ Z . 



(c2) Q(x)-(f o g)(x)- (-^)^« 



^1 n 

X ^ where g(x)« x , f(E)» f[g(x)]» 



(dl) 

(d2) 

-\/r. 



p(x)»(f O g)(x)- ^ 

(1 ♦ x) 

p(x)-(.f o g)(x)« — 

(1 + x) 





where g(x)“ 1 + x, f(z)« f[g(x)]« z* 

a 

where g(x)-(l ^ x) , f(z)» f[g(x)] 



(el) G(x)»(f o g)(x)«vi - -1 S 3c S where g(x)-(l » x^)^, 

fl 

f(z)« f[g(x)]» Z o 

(e2) G(x)«(f o g)(x)«v4l “ x^), -1 ^ x ^ 1, where g(x)-(l - x^)* 

f(z)- f[g(x)]« z^. 






M76o 1 



79 o Let U 8 coaqpute the slope of the tangent line at point A for this 
function and check it with the abore reasoning. The coordinates of 
point B are Ax, f(x^^ Ax)) or since f(x)* x, (x^^+ Ax, )» 



A193o 


1 






J9h. 


Let 


US now arrani^ the results of the previous ft’anes. 


f(*)“ 


x^ , 


r(xj^)- 


lo 1* X^^* 1 « 1 “ 1 


f(x)“ 






2-1 1 

2» 2x^-^- 2x^ 


t(%)" 


^9 


f^(Xj^)* 




f(x)- 






J ^*=’lca 



1009. (al) (aZ) y, (bl) (b2) -1, (cX) (c2) 

(dl) (d 2 ) h, (el) (« 2 ) 3 

310. C£nsider once again the function G defined by G(x)» - 

(x “ 2 )^ discussed in frames lU6?l61t.. G is a coiqposite function de® 
fined by G(x)-(f o g)(x)«(x » 2)^ where g(x)« x - 2 and f(»)- * • 



A79o Ax 



80o The slope of a aesani line AB is » * 

® *b *a 

e if Ax / 0* 



or 



(x^4- Ax)= Xj^ 

(Xj^^ Ax)» x^ 



A19lio hL^ 

195o CSensralizing to the n*^ power of x^ we surmise the following 
•yieor«n§ Theorem 3 § If f(x)® x^^^ where n is a positive integer, 
f^(x^)® o (Add this theorem to your listo) 



*310. I 

311. For this funetionj 0'(x,)- — ' ■ «s giTsn in fipans 158, can 

1-1 

also be expressed as vritten 0'(Xj^)“S(Xj‘= 2) • (l)“B(xj^- 2) 

• Djx - 2) . 

o 

ERIC 
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A80. 1 



81. Point B can be made as close to point A as dssiied because 



A19S. n . ^ 

196* To prove this theosren;, we proceed through the four steps for 

finding f'(xj^) as before. In step (1), if f(x)» f(Xj^)- 

and f{x^^ Ax)« ♦ 



ton. I 



312. Thus, if 0(i)- (x 



1 

2)^, G'(Xj^)“ ( rewritten fom) . 



ASlo Ax can b» ehOgiif clilB» tO 0 mt KtwiAter than 0 (op equiTmlont 
wording) 



82, When Ax is close to 0, the slope of a secant line AB, 



f(x^<- Ax)- t(Xj) 

Sc 



(y ^)- *1 

Ax 



9 



is close to if Ax / 0* 



A196* x^*', (xj^+ Ax)^ 

197. We note that Ax)-(x^+ Ax)” can he eaqpanded h|jr the blnoBdal 

theorem, since n is a positive integer. Thus, 

Ax)"- *3^"* f, • x^"-^. Ax * Xj"-^. (Ax)2* 

♦ where S is the sun of other terns, all of which 

contain Ax with exponents greater than 3 if n > 3. 



A312o I (Xj^- 2)^ D^(x - 2) 

313. let us now consider the function H defined ty H(x)*v^^“ 2x. 

1 

H is a coB 9 )osite lUnctioi^, l.e., H(x)*(f o g)(x)«(x^- 2x)^ where 
g(x)«(x^- 2x) , f(a)« 



A82* 1 (Not® that m is independent of Ax») 

rntm ■■■ 3 



83 <» We oan rewrite the abo-^ statement 
1 " 



r(3C^*i* Ax)« f(x^) 




198o Thus, in step (2), fCx^^^ Ax)« fCx^^)® {x^*‘ Ax)^- x^c If we sub- 

atitute the eaipression for Ax)^ deri'ted "tiy the binomial eiqpansion, 
we get f(x^+ ^)c= f(x2^)s ■■ 




A313o 1 

3lit<, Let us compute H^(x^) by the only method we haNre at our disposal 
at this time, that of app3ylng the four steps of the delta process <, 

For H(x)«V^^° 2x, H(x^)« ______ and H(x^<- Ax)- 



A83. 1 



8t). Dhat Halt tteoiaa did jou um in the abov* avaloation? 



A198. 



n . n 






a_. , n(n-l) _ n-2 ^^2^ n(n» l)(n - 2 ) ^ n-3. 

Ax ^ > Ax ♦ ^ . 



Ax^» S 

1^9# S^p)±fy±ng f(x^4- Ax)- f(x 2 ^)«(xj^"-*- Ax ♦ ••• ♦ Ax“) 

- w© obtain f(x^^ Ax)- f(x^)* -. 



A31U. 2x^, \/(x^+ Ax)^- 2(Xj^^ Ax) 

H(x-+ Ax)- H(Xj^) 

335# Coabining steps C2) and C3T# 



A81i« = k 



85o Thus 9 if f(x)^ the slope of the tangent line at aiQr point on 
the graph of f, with x^coordinate x^g has a value 



A199. 5 6x * ta ?* la?* 3 

Ax)- f(jc,) 

200, In step (3) ' — 

■ I x^"-^ Ax ♦ 5 ^ x^°“^ g(nrlp° 2 ) 3c^n°3 3 



Ax 



(dividing each tern hgr Ax) 



A315. 



'^(x^+ Ax)^° 2{x^^ 2x^ 

— - ■ 



H(x-* Ax)“ H(x-) 

316. In step (W ^ “S" 






V^x^* Ax)^° 2(x^+ Ak)«=>V^^^» 2Xj^ 



Ax 



Letting Ax approach Op we 



obtain 



86o For the poi^it with coordinates (OjO)^ on the graph of f^ the slope 
of the tangent line is o 




A200o 



Ax)- f(3C-) T 

201. In step ^ ^ -1- ♦ the aum 

of terms, each containing Ax), and since the limit of a sum is the sum 
of the limitSf> we haw^^ n » ^ terns, each 

containing Ax)o This is equal to _ «> 



A316o which is undefined (or an indeterminate formo) 

317 o Recalling the procedure employed in such a case fron the section 
on limits, wo rationalize the numerator of 




to obtain 



0 



A86o 1 



87o For the points with coordinates (1 d 1)5 (tr^ir)^ (lOglO)^ the slopes 
of the tangent lines at these points ape ^ ^ pespectiyely« 



A201o n o 

f(x-+ Ax)«= f(X|) 

202o Thusj ^ ^ ^ o Referring to 

frame 195 $ does this result prow the theorem? 




318. In evaluating the limit nowg 






2x^Ax 



♦ “ 2Ax 



Ax(v/i[x^4“ Ax)^«= 2(x^^ Aac)4- 




we can divide both numer- 



ator and denominator of the difference quotient by Ax, because 




A87o lo 1. 1 



880 For axiy point P having coordinates (n^n) where n is a real number $ 
the slope of the tangent line of the graph of f defined by f(x)“ x is o 



*202. n » les 

203 o This theorem is sometimes referred to as the power differentia- 
tion forraalao Using this theorem^ if f(x)« ^ f^(x^^)® ^x^^^© If 

f(x)s tJ g f^(x^)® © 



Ax is not eoual to zero but c:ets as close to zero as we choose© 



3X9. Thuss^jj^ 



2x^Ax 4- Ax <= 2Ax 



Ax( \/{x^ Ax)^“ tx)^yjx^^ 2x^) 






2x^ 



4* Ax » 2 



Ax)^“ 2 (x^ 4- to)4-v^ x^<^ 2x^ 



A88o 1 



89 o Let- us consider the constant function f defined by f(x)® kg where 
k is any real number a We again want to couqpute the slope of the tan« 
gent line at point Ag with x^coordinate x^g to the ^aph of fo Graph 
this function and the point A on axes similar to those beloWg on your 
own papero V 



where n is any real numberg not siinply a positi'^^e integers it is still 



y 



0 



X 



A203o 7x^ 



6 



20li* It will be proved later in your calculus course that if f(x)® x*^g 




If f(*)- f'(x^)= =5 • 



A319* ^ if Xj^ «= 2x^ > 0 (or x ^ 2 or x ^ 0) 





1 



32 O 0 The above derivative can be rewritten 



(2x^= 2) ® 




ERIC 



X 



A89. 




90® The graph of this fanetion is a line whose slope is » so from 

the preceding discussion^ do you think it would seem reasonable to 
assume that the slope of the tangent line at point A has the same 
namsrical 'valae as the slope of the graph of the function? 



—6 

A20li. ® 

205. If f(x)« X f'(xj^)*^ 



A320® 



1 

2 * 



1 

2 




321o Thus, if H(x)« 2x, ( rewritten form) ® 



M,90* Os 

91. Choose a point Bj with x=-cooydinate Ax^ Ax < 0. 
point B on your graph. 



<=■> Q 

a2o5^ 7 *1 ^ 



V® 

206o If f(x)» X s, ^ 



A321. 2*i)2 “ 



322. Consider the function P defined hy P(x)-Vx » 2x^> 



P is a composite ihnction defined by (f o g)(x)« (x ■= 
g(x)= X » 2x^ 5 f(*)« f[g(x)]® 



Indicate 



1 

‘ (x - 2x^)^o 
1 

where 



A91o 





S / 


\ 










(0,K) 






Q > 



92 a The coordinates of points A and B are ( a )j 

respectiiiely* 



vlo - 1 

A206. V® • 

207a A usefhl theorem concerns the derivative of the sum of two or 
more functions <, Recalling the example in frame f(x)« x + x » 6, 
2x^-«- 1* Prom the three theorems we have already proved for 
the derivative of f evaluated at (you should have these on your 

p 

list) we know that the derivative of x which is the first term of 

2 

the expression x ♦ x - 6^ evaluated at x^^ is ___« 



*322. I 

— “ 1 

323. You should verify that |(r^- 2Xj^)^ . (1 - liXj^) 

1 2 I “ 1 

- |(Xj- 2Xj )2 • D,(x - 



) if 0 S Xj S 



A92® AXj, k 



93 o The slope of a socant line AB^ 

f(y to)- f(x^) _ fc , ic . 

Ax ta ° 




V^a 

V*. 



beconss 






A207. 2x^ 

2 

2080 The second term of the expression x * x •=> 6^ which is by 
Theorem 2^ has a derivative of - «» 




32lio Let us now collect the results of the previous fS>ames and deter- 
mine if a generalization can be formed concerning the derivative of a 
conposite functiono 

i i- 1 

If G(x)=(x = 2)*s O'(Xj^)- |{X3^= Zr • = 2) 

i i-1 , 

If H(x)-(x^“ 2x)^j H'(Xj^)» 2Xj^)^ • Djj(x •= 2x) 

1 1 „ 1 

If Kx)“(x = 2x^)®, P'(xj^)- |(Xj^= 2x^*>® • Dj^(x - 2x^) 

m 

If F(x)®(f o g)(x)®[g(x)]% F'(x^)“ ntg(x^)]® 



0 






9ho The slope of thB tangent line at point A can be eacpressed as a 
li«it as - ® 



A208« 1 

209 o The third tern which is -6 by Theorem Ij has a deri-vative of 



A32lta n°°l 

325. It should be noted that all coR?)Osite functions are not powers 
of a function of x. An example of such a composite function is the 
trigonomstric function f o g defined by (f o g)(x)« sin(x ♦ 7) where 
g(x)« i fC*)* sin Zo 



A9iu ^ V ^ °r^ 



95, The numerical value of the slope of the tangent line at point A 



is tlms 



A209^ 0 

210, Combining the results of the last three frames terra by terms if 

f(x)“ X = 6, f'(x^)“ « ®o®s ' 

obtained in fi-ame 5i* for the slope of the tangent line to the graph 

of f at a point with x=coordinate 



A32^> 7 

3260 Thus, the generalization in frajne 32 I 4 (If F(x)*(f o g)(x> 

=[g(x) f s fMxj)- ntg(Xj^) ]"°^» A® “ 

theorems 

Theorem 8 , If F(x)-(f o g)(x)- f[g(x)], and f'(g(x^)) and g'(x^) 
exists F'(xj^)- f'[g(Xj^) h g'(xj,) . (Add this theorem to your list.) 
The generalization in frama 32U states, for a congiosite funcUon con- 
sidered as a power of a function of x, that f^gCxj^)] as given in the 
theorem is the same as 



as given in the generalization# 



i95, 0 



960 Vhat Unit theoren did you use in eTaluating the above linit? 



A210o 2x^4- I 5 Tea 

2II0 In exercise (d) of frame l8l^ if f(x)® x + 25, f^(x^)® 1© The 
first term (x) of the expression x ♦ 2 by Theorem 2 has a derivative 

of o 



A326. n[g(x^)]*^”^ 

327 o shall be primarily concerned eith composite functions con«= 
sidered as powers of functions of x in this unit* Hence ^ we will 
state the generalization in frame 32U as a corollary to Theorem 8 
and use this corollary in the remainder of the discussion* 
CoroUary s If F(x)-[g(x) ]"» and g'(*j) exists^ F'(xj^)“ n[g(xj^)] 

. , (gad this corollary to your list.) 



A96o ^ k 



97» Thus^ if f(x)« the slope of the tangent line at the point on 

f(3C-+ Ax)- f(x.) 

the graph of f with x^coordinate x^ is tsL “ — ””” * 



A211o 1 

212 o The second term (2) of the expression x ♦ 2^, by Theorem Ig has 
a deri'^tive of • 



A327o g"(x^) 

32 8 o life will not prove this theorem or its corollary p the proof of 
which may be found in most beginning calculus books « Theorem 8 is 
sometimes referred to as the chain rule differentiation formula be- 
cause P'(x^) is expressed as a chain of derivatives ^ namely 
in number as we have stated the theoremo More derivatives may be in- 
volved^ depending on the con^lexity of the con^osite function« 



A97> 0 

980 To answer the question raised In flrame 90^ “Is the slope of the 
tangent line at any point A on the graph of f defined Isy f(x)“ k the 
same as the slope of the line pepreaenting the graph pf f?"s we can 
now answer _• 



A212o 0 

213* Combining the results of the previous two frames term by term, 
if f(x)« X 4- 2, f^(x^)« » Does this answer agree with the 

one obtained as the slope of the tangent line in exercise (d) of 
frame I8I? 



A328# two 

329 « Let us consider how the corollary, on which we will focus our 

attention, is used* If F is defined 'ey F(x)»V^ 5 *» x^, for 

» X ^ 5 j F is the co»9)osite function defined by (f o g)(x) 

1 

- f[g(x)]« (25 - x^)^ where g(x)* 25 - x^, f(*)“ for 

»5 a X ^ 5* 



o 




MB. ”Yes" 



99, Let us now generalize our above discussion. Consider a function 
f such as the one whose graph appears below. The coordinates of points 
A and B are ( » ), ( . ^ respectively. 




A213. 1 0 « la Yes 

2lU. In exercise (f) of fraioe l8l, if f(x)= ^ 

- 3Xj^*+ 1. The first term of the e:qpression has a derivative 

of , the second term a derivative of -a third term a 

derivative of and the fourth term a derivative of _ — 9 

evaluated at 



1 

A329m 2^ (orVzT 

1 

330* F(x)» f [g(x) ]®[g(x) ]^. The corollary to Theorean 8 states that 
if r(x)-[g(x)l", then F'(xj)“ n[g(Xj^) g'(*i) "here, in this case. 



A99. *^8 f (ac. ) , y txs f ( ^ te) 



XOOo Rofenring to the gia&ph of £ with points A snd Bg point B csn he 
made as close to point A as desired by choosing tx _• 



A21ite 23 Cj^8 1> 0 

21^0 SuT Ti m i ng "the deriva'ti'ves of each indi'^idual tenn^ we see 'bha't 
foip this exaifl|>le 9 as in the previous exan^jlcj the derivative of a 
sum of functions is the of the derivatives of the functions. 



«30. I 

1 

2 ? 2 

331. R>r the composite function F(x)“ f[g(x)]"(25 - x ) » g(x)- 25 = x 
so g(Xj^)= . 



o 



AlOOo close to 0 (or equivalent wording) 



101 * If a point were chosen to the left of point such that 
Ax < O5 the coordinates of point would he ( a _ )<» 



A21^o sum 

2160 F^om this we surmise the following theoi^em^ which reads in 
mathematical notations 

Theorem Hi * If f(x)® g(x)^ h(x) 4 - m(x)'^ ooo ^ 2(x) and g^(x^)p h^(x^) 

m^Cx^^) 00 • z^(x^) existi) then f^(a[:^)s 

(Add this theorem to your list*) 



*331, 25 “ 



2 

332* For the above, composite ibnetiong 2$ ^ x ^ 30 g^(x^)^ ^ 



Ai) 



AlOle AXg 



202 o The points A and B will determine a secant line having slope 



n ® 

s 



7^ f(x^^ A3c)- f(x^^) 

Ax)« 



A216« h^Cx^^)^' ooo ^ z^(x^) 

21? o Let us formally prove this theorem for the som of two functions® 
¥e will proceed through the four steps to find f(x)® w(x) 

♦ v(x) o Sfcep ( 1 ) for finding the derivative of f(x) evaluated at 

*• tx)* vCxj^-*- Ax) and fCx^^)® ® 



gives f(x^^^ Ax)® w(x^^ 



A332® -> 2 x 3 ^ 

1 

333 o Thus, if F(x)® g(x)^, 

F^(x^)s n[g(x^)]^”^* g^Cx^^) 

i « 1 

P'(*l)- |[25 - x\f . (=2Xj) 

® ( simplify your answer leaving a negative exponent 
on the quantity (25 “ x^ ))® 



A102o 



f(3C^4* Ax)° 

Ax 

103 o The slope of ths tanigent line at point considering B to the 
ri^t of point Ag or to the left of point A on 1 ^aph f f|, can 
be expressed in terms of a limit as - • 



A217o w(x2^)+ vCxj^) 

2180 In step (2)5 f(x^4- Ax)= f(x^) 

= Ax) 4- v(x^+ Ax)]° [w(x^)^ v(x^)] 

a v(x^* Ax)4* v(x^4- Ax)- w(x^)° v(x^) 
(grouping like terms) 

* [w(x^+ Ax)- w(x^) ]-«•[ __ J o 



—1 

A333o “X,(25 - x^) ^ (Note that this expression may be rationalizedp) 

I 

33!^o If P is defined by P(x)®(x^- 2x - 3)^s 2x - 3 IS Oj, F is the 

7 

composite function (f o g)(x)* f[g(x)]»(x^» 2x - 3)^ where g(x) 

* x^« 2x - 3 » f(z)a 



■3 



f(x<=4 f(Xj) 

A103# Ax 



lOlio I^OTi the sketch of the graph of this function f^, since the tan= 
gent line at a point is unique ^ we see that this notion can now be 




O 



AlOlt o unique 



105 0 To siunmarize out' di80us9^«^ yo to this pointy we see that there 



Ax)*-* f(x-) 

are functions for which^ j^y g - — — - — — exists® Some of these 

2 2 

functions that we haw discussed are defined by f(x)* x p g(x)“ x 4* x 

r p f(x-4K Ax)» f(x-) 

~ 6p h(x)«v25 “ X p p(x)« Xp q(x;» X® When^^y^ — - 

existsp we define as this limit the slope of the tangent line to the 

graph of f at the point with x<=coordinate x^^® 

Definition I g The slope o f the tan gent line to the graph of f p at the 



f(x^4 Ax)« f(x») 

point with x-coordinat@ x^ ~ — if this limit eadstso 

(Write this definition on the enclosed sheet headed ®®List of Definitions 
and Theorems®*®) 



A219® v(x^)] 

Ax 

f(X-4- Ax)“ f(x^) 
220o Thus,^ ^ 



w(x^4^ Ax)=> w(x^) 
Ax 

v(x^4- Ax)« v(x^) 
Ax 






( 2 ) 






Supply reasons for (1) and (2)® 



A335® g^(x^) 



3360 For F(x)s f[g(x)]Kx^® 2x «=• 3 )^d n « 



106o We thus see that to find tho slope of the tangent line^ 
Ax)“ f(x^) 



aiiSo 



Ax 



at a point A with x^coordinate we 



(1) cGBipute f(x2^4= Ax) and f(x^)s 

(2) find the difference f(x^-fr Ax)“ f(Xj ^)5 



(3) conpite the difference quotient 
(« find^Jigo 



f(x^^ Ax)° f(x^^) 






Ax 



This process is sometimes called the delta process^ **delta*® referring 
to the small Greek letter A in the notation “AXo“ 



A220o (1) The limit of the sum of two functions is the sum of the 

limits of the two functions o if these limits exist o (2) B7 definition 

taFw(ri — — — — 

^i|^Q » w^(x^) and the same is true for 



221 o If f(x)® ♦ X ° 2 (rather than x ♦ 2) you should expect from term 
by term differentiation that f^(x^)® <> 



A336o I 

7 

337o For the above con 5 >osite functiong F(x)« f[g(x) 2x ° 3)^ 

2 

g(x)s X = 2x c= 3^ 80 gCx^^)® o 



B 



MlOSo 



f(x^* Ax)= f(x^) 
itoc ^ * 



107* Let U3 now apply the four steps to the function f defined by 
f(x)* = X ♦ 2x “ 1 to find the slope of the tangent line at any point 
A with X“Coordinate x^« Gi^aph this function on 3rour own paper and 
indicate the point A on the graph on axes similar to those below# 

y 

^ ;( 

I 



A221o * 1 

222 0 If f(x)® * x^“ X 4- 6 (rather than x^^ x =. 6)^ you should expect 
from term by term differentiation ^ 



A337o *3^ « 2x^« 3 



For the above cojaposite function^ g(x)» x^» 2x « 3^ so g'(xj^)' 



O 



A107o 



X 




108o In step (l)^ if f(x)^ 
♦ 2(x^^ Ax) « 1 and 



x^4- 2x “ Ig f(Xj^ Ax)s -(x2^4- Ajc)' 



A222o ^ 2x^<= 1 

223 0 If f(x)» x^<=* x^“ X - 11 (rather than x^4- x * 11) you should 
ea^ct from term by term differentiation that f'(Xj^)« o 



A338. 2x^° 2 

7 

339o Nowg if F(x)“ [g(x)]^^> F^(x^)« n[g(x^^) ]““^<» g^(xj^) becomes 

0 M 

F^Cxj^)® H(x, « 3) • (2Xj^» 2)o 



A108a ^ 

109 o In step (2)^ f(7c^^ Ax)« f(a^)“ tx)^^ 2(ac^+ /bc)= 1] = 

[=’X^^'*‘ 2x2'= 1] ■ o 



A223o ♦ 2sc,« 1 

22lto In general^ if f(x) can be expressed as the difference of two 
functions^ ± 0^09 f(x)« w(x) « v(x)a you should expect that f^(x^)s 



*339 o Is 1 = 1 (or I) 



3l»0, Thusj if F(x)-(x = 2x - 3)^, F‘’(x^)= 

2 

leaving a fractional eaqjonent on the quantity (x 2Xj^*» 3) 



A109o Ax « 2Ax 

f(x,+ Ax)“ f(3L) « 2x^Ax ° Ax^4> 2Ax 

IlOo In step (3)s g — ^ 

if to / Oo 



A22l^o w'^(x^)=’ v^(Xj) 

225 o With the aid of the liMt theorem for the difference of two 
functions^ one could proves 

Theorem 5 o If f(x)« w(x)“ v(x)g and w^(x^) and v^Cx^^) exists 
f^Cxj^)® o (Add tl^is theorem to your list of theorems «) 



5 

*3li0, 7(x^= 2Xj- 3)^ (x^- 1) 



3l»l. If P i3 defined by F(x>- — jp — iT- 1 / 0, F(x)-(f o g)(x> 

..a 



» f[g(x)Hx“- 1) 




mOc 2 - Ax 



f(x- 4 - Ax)= f(x.) 

Ilia In step ^ 



A225o v'(x^) 

2260 Stated in words ^ this theorem says that the derivative of the 
difference of two functions is __ 



A3lilo ° 2 



3hZo Sb P(x)*(f o g)(x)» f[g(x)Hx^» 1)*"^ where g(x)- x^« 1, f(a)« 



Alll. "2x1+ 2 



112. Thus, for the function f defined by f(x)“ - + 2x - 1, the slope 

of the tangent line at the point on the graph of f with x-coordlnate 



*1 



Ax)- f(x^) 
Ax 



A226. the difference cf the derivatives of the two functions. If 
these derivatives exist . 

227. It should be noted that It Is not necessarily the case that If 
the derivatives of 2 functions don't exist at some point, the deriva- 
tive of the sum of the^e functions won't exist at this point. Consider 
g(x)*lxl and h(x)» -1x1, neither of which possess derivatives at the 
point with x-coordlnate . 



A342. 

343. F(x)» f [g(x) ]»[g(x))2 ,so our corollary will be used with 



n 



A112a 



- 2x^+ 2 

113o For the point with coordinates (l^O) belonging to f defined by 
f(x)« - x^+ 2x “■ the slope of the tangent line is - 2x^+ 2 “ 

-2(l)+ 2 “ « 



A227a 0 

228. However 5 for the sum of the above functions, 
f(x)= g(x)+ h(x) = |x|+[-|x|]= 0, f'(x^)“ • 



A3li3o -2 

3bhe For above composite function F(x)* f [g(x) ]-(x - 1) 



9 



A113o 0 



llli-o For the points with coordinates (‘=ls‘=’Ws (l*a“9)p the 

slopes of the tangent lines at these point?> are a 

respectively® 

A228o 0 (see Theorem 1) 

229* We now have at our disposal five theorems for finding the deriva-= 
tive of f evaluated at 3t^ . Review these theorems from your con 5 )iled 
list® Following is a set of exercises you should be able to do using 
these theorems* 

(a) If f(x)= x^+ f'(x^)« 

(b) If fCx)» xK Xg ______ 

8 

(c) If f(x)= f'(Xj^)- _____ 

(d) If f(x)= w « Xj, f^(x^)® _____ 

(e) If f(x)= x^*’- 2''^ f'(Xj^)» 

(f) If f(x)“ X “ 7 ?, f'(Xj^)" 

( x ^-= 1)j liXj^ 

ihSc Now, if F(x)-[g(x)]“®-(x'‘= 1)“^, F»(Xj^)- n[g(Xj^) g'{x^)- 
( simplify your answer leaving a negative exponent on the quantity 

(x^- D.) 



Skip a page for the answer to fyame 3li5« 



115 o Following are e»rcises for which you are to find the slope of the 
tangent lines at the indicated points* 

(a) If f(x)« •=23 find the slope of the tangent line at (7ji“2)o 

(b) If f(x)« Xg find the slope of the tangent line at (“9^‘=9)* 

(c) If f(x)« X - 1, find the slope of the tangent line at (IjO)* 

(d) If f(x)a(x => 1)^3 find the slope of the tangent line at (I5O)* 

(e) If f(x)« 1 => 3x “ x^ p find the slope of the tangent line at (==2p3)* 

3 

1229 o (a) 3x^^p (b) l*x^^+ Ip (c) ^ x^^-= 2x^p (d) °lp 

(e) l.TXj^**^, (f) l-2x^ 

23O0 let us now consider the derivative of the product of two functions* 
We know that the limit of the product of two functions is the product 
of the limits if these limi ts existp so we shall want to investigate if 
the derivative of the product of two Ibnctlons is the product of the 
of the two fVinetlonSo 



e3e«= 



lA—Og— 1 

ll6e For the first fVmction f (tefined lay f(x)® x j, for which we 
pressed the slope 2x^ of the tangent line to the graph of f at any 
point with x<=»coordinate x^^j the slope of the tangent line at the point 
with coordinates (3^9) is • 



A230o derivatives 

231o For the function f <?efinod hy f(x)® x ^ hy Theorem 3a f^(Xj^) 

® O 



A3l4^o “Sx^^Cx^^^® 1)“^ 

3k6o Following is a set of functions you should be able to different 
tiate using the theorems and corollaries developed in this unite Be«=» 
view ynur list of these theorems and corollaries at this tiine^ before 
proceeding to the exercises be low o 

5 

cmm 

(«) If f(x) - (x - 1)®8 f'(*j) - , 

5 

(b) If f(x) » (x®“ 1)*, f'(xj^) ■ • 

(o) If f(x) j f'(x^) ■ . 

(d) If f(x) - ( Vx "^^3 f'(Xj^) - o 

(e) If f(x) - ( D®, f'(Xj^) = . 

(f) If f(x) - 1, f'(Xj,) - . 



All6o 6 



117 o The equation of a strai^t line can be written if we know its 
slope m and a point through which the line passesi i«e ©5 

y ° ra(x ■» x^)* This is the point«slope form for the equation of 

a strai^t linee If a tangent line has slope 6 and passes throu{^ 
the point (3^9) ^ its equation is o 





3 

m6o fCx^^ 1)^^ 



3 -i 3 




ERIC 



118 o For the poi.nt with coordi.jiates (“I 5 I) belonging to the function 
f defined by f(x)® the slope of the tangent line at this point 
is Q 



jt232» 3t^ 

233o Sod D (x ) (see the alternate notation for a deri'^ti'se in 
frame 181 |) ^ Dj ) ^ 6 xl^ 



o 



APPENDIX B 



ABSTEIACT DEDUCTIVE DERIVATIVE PROGRAMMED UNIT 



222 



lo The derivative is a very important topic in mathematics and related 
sciences* It is the basis of a beginning course in calculus and provides 
a foundation for more advanced courses# 



A125. 2x- 

126 e Do you see that you could have confuted the above derivative in a 
different way? Wb can express l)(x^4* 1) as f(x)<^ 1© 

Generalizing the theorem for the derivative of the sum of two functions 
to the sum of any finite number of functions ^ in this ease h functions ^ 
we have f^(x 2 ^)» © Do your 2 answers check? 



A2li9* zero 

250* It follows that the slope of a secant line AB approac" 
of the tangent line at A, denoted by m^, Thus^ we may write 

• 



the slope 



2o Since we need the limit in stadylng the darlvati'^ of a function^ 
let UB re'tf'iew the not-ation of a limit of a fanctiono We know that if 
34|n f(x)^ then f(.x.) is as '^'close'- to Z as we please for x in a 
suitably chosen deleted nei^boiLood of x»o (The student should now 
reTfiew the mathematically precise definition of a limit of a 
function®) Which of the numbers in the set 2o9g 2o99g 2o999§ 3o001^ 
5©1 belongs to the deleted nei^borhood defined by the inequality 
|x 3 1 oOl^ 



Jj 2 

A126o ^ ^ 2x^s Yes 

127® Do not acquire the mistaken notion that a function which is dif*= 
ferenfeiated by the product rule^ as Theorem 6 is sometimes called^ can 
always be diffewntiated In another manner® We haT5 chosen only very 
elementary examples to illustrate the theorem® More conqjlicated exam® 
pies of functions 5 composed of the product of two functions ^ which can 
be differentiated lay the product theorem only^ will be given later in 
your calculus course* 



A250. 



fCXc^'fr dx)“ f(.x^) 

ifix 



f(x=j'fr Ax)® f(x-) 

251* Note that m^s^^ • ^ — ~ has the exact form of the 

derivative of f evaluated at x^® Thus^ the derivative of a function 
evaluated at and the slope of the tangent line to the graph of f 
at a point with x«coordinate are a when both the 

derivative and slop© exist* 



A2 . 2.999, 3«0 01 



3. He will now introduce an alternate notation 



for lim f(x)= L# We 
x->x^ 



know that^li^(x^+ Ax) = 
magnitude. Thus, if Ap 



x^ where Ax is a variable, usually small in 
is a variable,^li|^(p^+ Ap)= _ « 



12d. It is not necenvSc-'rily the case tljat if the derivatives of one or 
more of the functions in the product of two functions don't exist for 
some value of x^, the derivative of the rroduct won't exist for this 
vplue of x^. Consider f(x)= w(x) • v(:r)*=|x| •[- jxj ] where w(x) = |x|, 
v(x) = 



A251> the same (or equivalent wording) 

25^2. '^■’e now have that for f defined by f (x) , the slope of the tangent 
line to the graph of f at a point whose x-coordinate is x^ is 



A3, 



li. If Ax approaches 0, x^+ Ax approaches x^, 

l?.m f(x)«.lir^^f(xT+ Ax). If Ax approaches 0, 
Y->x, Ax-^ 1 



Therefore , 

x^+ Ax approaches x^. 






A128. -lx I 

129. Neither |x| nor [-|x|] exist for x^= 



A2^2. f'(x^) (or a statement equivalent to the derivative of f evalu- 

ated at x^) 

2 

253. Le't us now consider the function f defined by f(x)= x • In the 
section on limits, we computed the slope of the tangent to the graph of 
this function at the poixut (l,l) . This slope was 2. The student should 
now review this section in the limit unit. 



vn 



Alj • x^+ Ax 




A129« 0 

130 • Howsvsr^ for th© product in th© abov© function^ 
f(x)* w(x) . v(x)»|x|» -|x|*^ f'(x^)= 



2^h* We will now obtain the slope of the tangent line for any point on 
the graph of f defined by f(x)- x^ and then check its value at the noint 
( 1 , 1 ) with the above result. The derivative of f(x, = x , evaluated at 






6o Therefore a ^ f(^ + Ax)o 

Your answer should correctly conplete the shaded box® 



A130* 0 for all values of x 

13 I 0 We have now proved a theorem for finding the derivative of the 
product of 2 functions® Let us use this theorem to prove a corollary* 
Cbrollary g If f(x)« k o g(x) ^ where k is a constant^ and g'Cx^^) exists 
then f^(xj^)« k • g'(x^). Add this corollary to your list* 



A2^k*> 2x^ 

2p^* The slope of the tangent line at any point with x-coordinate x^ 

p 

on the graph of f defined by f(x)* x is m^* f^(x^)* 



M6m 



7. If -3, Ax ■ -3 ♦ Ax. IS Ax approaches 0, x^+ Ax approaches 



132* Stated in words | this corollary says that the derivative of a 
constant nniltiplied by a function is the constant multiplied by .. 

j provided the derivative exists* 



A255. 2x^ 



256. For the point with coordinates (1,1) on the graph of f defined 
by f(x)“ x^ , 



f 



*7. -3 



8 . Therefore b( )• 



A132. the derivative of the function evaluated at 

133 o "Wfe will apply Theorem 6 to the function f defined by f(x)® k • g(x)* 
Here w(x)«« k, v(x)- g(x), w'(x^)* 9 v^(x^)- ® 



A256q 1 

257 0 Thus, m^« f'(x^)- 2x^ for the point with x«coordinate x^« 1 be=> 
comes f'(l)** 2 « 1 « « Does this result check with the former 



result in the limit section? 



A6> -3 ^ Ax 



9# It jnay be the case that !x is to the right of and sufficiently 
close to x^, or that x is to the left of x^, and sufficiently close to 
Xj^o We recall from the section on limits that^j^2^f (x) ^ now shown to 
be equivalent to^iyQ Ax), exists if f(x) approaches the same 

value I when we consider numbers which may be either greater or 



than 



A133. 0, 



13U* Thus, f'(Xj^)- w(x^)* v'(x^)+ v(x^)* w'(x^)- ( in simplified fonii) > 



A2$7« 2. Yes 

258 « Wfe can, of course, evaluate the slope of the tangent line at any 
point on the graph of f defined by f(x)- x^. If we consider the point 
(2,W, Xj^* 2 so m^* f^(x^)“ 2x^, or f'(2)« • 



A9 a smaller (less) 



10<, If we consider nnmljers only greater than then we denote the 
limit by lim f(x)* Lo If we restrict our consideration to numbers 

less than x, , we denote the limit by lim _ f(x)= L'. L is oaUed the 
^ x->x^ 

ri^t-hand limit* Hence, the left-hand limit of f(x) would be o 



A13l4« k • 

13^, This corollary is very useful, since constants frequently appear 
with variables in a function* If f(3c)* 7x^ , k ® g(x)* a 



A258. It 

7 li9 

2$9o If we consider the points (-5,25), (0,0), (^, -|j) on the graph 
of f, x^* -5, I" respectively for these points, so m^, the slopes of 

the tangent lines for these values of x^, becomes , , * 

respectively* 



AlOo V 



Ho Let us now translate the notation for right and left hand limits 
into Ax notation® If Ax approaches 0 from the rights then x^+ Ax 
approaches x^ and x^'*' Ax is ( greater thano less than ) x^o This means 
X approaches x^ from the right and we write o 



A 135 . 7 , 



t* il 

1360 Thusg if f(x)“ iTCf f'(x^)* k <» g^(x^)® 7 <» 



A 2 ^ 9 o -10 0 Oo 7 

26O0 Wfe can write the equation of the tangent line at any point on 
the graph of f defined by f (x) say the point with coordinates (x^,y^> . 
Recall that you can write the equation of a line if you know a point 
on the line and the of the line® 



All* greater than^ 

12* If Ax approaches 0 from the left, then Ax approaches x^. 
Ax < x^, and we write x-> * 



*136. 35x^ 



137. If f(x)“ x“), k • , g(x)- s g'(X]^) 



A260* slope 

261* The slope of the tangent line, m^, at the point (x^^, can be 
ejgpressed as • 






1 



M12 o x^“ 

13o Then lim ^ f(x)= lim . f(3c,^ Ax) and lim ^ f(x)® lim ^ f(x-4= Ax)o 

Ax-^0 Ax"^ 

The ri^t hand limit is thus expressed as lim ^ the left 

Ax^ 

hand limit is expressed as o 



A137o 


3 ii 
3s xTs 


3x^^^ kx^ 




138, 


Thus^ if f(x)* 


3(x^^ xSd k o g^(x^)° 


o 



A26lo f'(x^) (or an equivalent expression for the derivative of f evalu* 
ated at x^) 

262 o Using the point=>slope form for the equation of a line y =■ 
m(x =• x^) 5 we obtain the form for the equation of the tangent line as 
y - y^* m^(x ” x^) or y - y^^ (x - x^) * 




A 13 o lim txi) 



lli« Consider the function f^ discussed in the section on limits ^ de- 
fined by f(x) '^ function^ lim f(x)^ lim f(-l Ax) 

x-^«l Ax^ 

® 2 and lim f(x)^ lim f(-l 'fr Ax)*^ o 

09 f or X wtaamrmm 

x-^-l Ax=^ 

(Sfee the graph below as an aid to resf«^<dingo) 



1 

1 


/ 


1 

1 


2 . 


1 

1 


\ 


-L 0 


1 I 1 

,-i 1 


1 

1 

1 

1 

1 


-'2 



AI380 3 ( 3 x^^^ 

139 o If f(x)^ -6x(x ^ 1)*^ -6[x(x l)]^ k g(x)® x(x * 1)^ 

g^(x^)“ ( use the product rule - Theorem 6)0 



A 262 o f"(x^) 



263 o For the equation of the tangent line at the point with coordinates 
(I5I) for the above function f defined by f(x)® x^^ x^® y^s ^ 

f^(x^)® 2Xj^ becomes m^® f^(l)® 



O 



Allto °2 (Notes If you do not recall this function^ take time now to 



convince yourself that lim ^ f(x)» 2 and lim ^ f(x)® *=20) 

XH^»1 X-^l"* 



For ths postage stawp function discussed in the section on limits^ 

p « f(w) where p is the postage and w is the weighty we have 

lim ♦Aw)® 30 where Aw is a variable o Also lim ^ f(^ ♦ Aw)» 

Aw-^'*’ Aw-^” 



• (JSbe the graph below as an aid to responding®) 



P 



to, 

( 


• 


\ 




aa 








to 









Ij .r 6 



AI39® “65 2x^+ 1 



lllOo Thus, if f(x)- -6x(x ♦ 1), f'(x^)^ k » g'(x^)® ^ 



A263^ lo lo 2 

26ij® Thus, the equation of the tangent line, y “ y^" f^(x^)(x ■= ^3^)3 



in this case is 



O 



Alio 25 



160 Recall that the limit of a function exists as x->x^ if the limit 

of the fVinction as throng values of x gs:«ater than x^ is the 

same as the limit of the function as x->x^ through values of x less 

than X, o Thus,,m f(x)- 1 if lim f(x)- L and lim ^ f(x)- . 

x-^ 



AlhO. -6(2x^'«- 1) 



llilo You might expect that there is a theorem for finding the deriva- 
tive of a function which is the quotient of *toio functions* Prom what 
was surmised concerning the derivative of the product of 2 functions^ 



would you expect the derivative of the quotient of 2 functions to be 
the quotient of the derivatives of the two functions if these deriva= 
tives exist j i*e* if f(x)* f^(x^)» where end 



w^(x^) exist and v'(x^) / 0. 



A26h> y - 1 ** 2(x l) (or an equivalent e3q>ression) 

265 • For the above function at the point (-5^ 25) > 3C^“ 9 y^“ 

m^- f'(x^)- f'(-5)- . 



A16> L 



17 • In our notation, Ax)' 



L if lim 
A3t-K)“ 



Ax)« L and 



kihlo You shouldn't expect this «° such is not the casep 

ll 42 . Ms with the derivative of the product of 2 functions, the deriva- 
tive of the quotient of 2 functions is not what mi^t be expectedo Let 

and 



^ v(x^)* w^(x^)“ w(x^)* v^ 
[v(x^) 

Add this theorem to your list* 



exist, then f^(x^) 



provided v^(x^)/ 0< 



us state the theorem* Theorem 7o If f(x)' 



w(x) 

v(x) 



and 



w'(x^) 



A26^» 2^ a —10 

266* The equation of the tangent line at the point 2$) on the 

2 

graph of f defined by f(x)« x is • 



A17. lim 4. Ax)» L 

AxhK) 



180 are now ready to define the derivative of a function o 

Definition g The derivative of the function f^ evaluated at x^s is 
f(x-^ Ax)-=> f(x^) 

4]^ to 



-3 provided this limit exists <, The derivative 



is denoted by f^(x^) and may be considered a function itself* Other 



notations for the derivative are y^^ (Enter this definition 

on the enclosed sheet headed “List of Theorems and Definitions®”) 



lli3. In words 5 this theorem says that the derivative of the quotient 
of 2 functions of x^ evaluated at x^ provided these derivatives exist, 
is the denominator multiplied \S 3 ' the derivative of the numerator minus 
the numerator multiplied by the derivative of the denominator, this 
number divided by o 



A266* y ■=■ 2^ « °10(x 5) (or an equivalent expression) 

7 ii9 

267® At the point on the above graph with coordinates (<^, ^), the 
equation of the tangent line is * 



19 o The expression j_g called a difference quotient. 

The nomerator of this difference quotient can be considered as a small 
change in y ® f(x)o M symbol used for Ax)= f(x) is o 



klh3*> the square of the denominator a provided this is non°zero 

llillo Wb will now proceed with the proof of this theorem in a manner 
exactly analogous to that used in proving our former theorems. Perhaps 
you can derive your own proof of this theorem^ following the i| steps 
for finding the derivative. Try to do so before reading the proof that 
follows* 



li9 7 

A267. (y *“ 7(x » (or an equivalent expression) 

268. let us now consider another function whose slope you confuted in 
the section on limits, the function F defined by F(x)*V25 = x^. Graph 
this function on your own paper for future reference. 



A19o Ay 



20o ThuSi 






Ax)“ f(x^) 

E 



can be written as 






lk^» iiera is our proof* If f(x)« step (1) expresses 

w(x-) ^ ^ 

"Ornate netatlen) * 





269® For this function, we will coii5)ute the slope of ths tangent line 
at the point with x°*coordinate x^* 1(* The corresponding y-coordinate 
of this point is * 



A20, 



^ (Notes ^ texts as an expression for 

the deri’^ative ») 

21® In the definition of the derivati-ve^ it is important to note the 
condition that the limit of the difference quotient must exist# life 
say f(x) is differentiable at if the limit of the difference quotient 
exists# Fi“om the section on limits ^ we know that this limit ( will always 
exists may not always exist) # 




s 



w(.x»'«- Ax) 

li|6# Likewise 5 f(x^^^ Ax)^ ® ( alternate notation) 




A269o 3 (indicate this point on your graphs) 

270# In the section on limits^ we showed the slope of the tangent line 
to the graph of F defined by F(x)»'\/^ 5 ° at the point with coordinates 

J| 

(li,3) had the value The student should now review this discussion 



in the limit unit# 



A21o may not always exist 



22 0 Thus 5 the differentiability of a function f at is equivalent 
to the statement that • 



Ali46o 



w^'*' Aw 
v^* Av 



lli7# In step (2), 



(w^-fr Aw) 




Vi(wi^ Aw)- 



v^CVi^* Av) 



form)# 



271* Tfe can also express the slope of the tangent line to the graph 
of P at the point with x-coordirate x^ as «, 



(Skip three pages for the answer to frame 271*) 



A22o 



exists o 






f(x^'<' Ax)“ f(x^) 



Ax 



23® Steps for Computing Derivative o Thei*e are four steps in computing 
the derivative of the function f evaluated at x^§ 

(1) Express Ax) and f(x^) 

(2) Find the difference f(x^+ Ax)^ ^ 

f(x^^ Ax)« f(xj 

(3) Conpute the difference quotient = 



Ax 



(h) 



f(x^+ Ax)“ f(3C^) 



Ax 









Ax 



Ax 



lahl. 



v^» Aw - w^* Av 

v^[n^+“Avl 



f(x-+ Ax)- f(x-) v-o Aw - Av 
Ht8. In step (3), ^ 



« frc ° Ax 
Vj(Vi-«- Av) 



supply a reason for (l) 



2ko Let us now find the derivative of f evaluated at defined by 
f(x)» 3xo Step (1) tells us to express f(Xj^+ Ax)® Ax) and 

f (x^) * _o 



MlkQo Both numerator and denominator of a fraction may be divided by 

the same non^zero quantity without changing its valuer 

f(x,^ Ax)-= f(x„) 
ll»9. Then^ in step (h)s^^ ~ ^ 

V o |Si « w o ^ 



( 1 ) 



4^ (Vi» ^ 



iiv^ 



( 2 ) 



ip«0 ^1* s ’’i* 



( 3 ) 



to) ’'I'too H -to) *i*too sVtoo ^I'too^’^i 



4v<i 



(W 



^"'I'too S " ’'I'too / ■'I'tob ( V 



Av> 



supply reasons for (1), (2), (3), (W. 



A2ko 

25* Step (2) requires an express ?:. . r f(x^+ A>c)=> f(x^)® 
Ax)“ ( in simplified form )* 



Alli9o (1) The limit of a quotient is the quoM ent ^f the li j ^itsa p^» 
vided these limits existo ^ difference is the differ- 

ence of the limits 9 prov ided these l i mits exist o ( 3 ) The limit of_ a 
product is the product of the limits o provided these liiaits exist, 

(W * k (w^» w(x^) and are constants) 

1^0« Consider the final e:q)ression in the previous frame<> As in the 
proof of Theorem ^ ■ w'(xj^) and^^J^^ ^ — « 



26« Tbs different quotient in step (3) is 



f(x^^ Ax)- f(xj^) 
_ 



Aa^O. v*(x^) 

AlsOi ee we reasoned before j assuming v is continuous^ 
tr approaches 0 as Ax approaches 0, 



A271* F^(x^) (or an equivalent expression) 



272 • To find the slope of the tangent line at (ii,3) on the graph of 
P defined above ^ we must evaluate P'( )* 



A26o 



3Ax 

Ax 



27o Finally^ computing the limit of the difference quotient^ step (i*) 
f(x-+ Ax)- f(x-) ^ * (1) 

gives^^ * S SE “ ^ ^ 



son for (l)# 



Al5l* ▼, 



l52» Sxbstituting these results in the right hand side of the expres* 
Sion in the last line of frame lh9^ we ha'^^ij^Q Ax)- f(Xj^) 

w'(x^)- w^* v'(x^) 



Ax 



2 



■ (changing notation for and w^) 



A272* 



273« The function F defined hy F(x)**v^^ - x^ is a composite function^ 
so F^(x^) is obtained by using the corollary to the chain rule different 
tiation fomiila^ i.e« if F(x)«[g(x) • 



o 

ERIC. 



A27® Since Ax / 0^ but approaches sasroj both numerator and denominator 



may be divided hy txo 

28# In evaluating^lyQ 3 ■ what limit theorem did you use? 



JQ52. w(x^). V^(x^) 

[v(x^) f 



153. W9 have thus proved the theorem that if f(x)" and 

and exist, then f'(xj^)* a if v(Xj)/ 0* 



A273. n[g(Xj^) g'(xj^) 

_ ^ 

27l». W this corollary, if F(x)-V 25 - x® - (25 - x®) , F'(x^)- 



A28o For a constant k, if f(x)- k, ^^f(x)» k 



29. Thus, if f is defined by f(x)« 3x, the derivative of f, evaluated 
at Xj^, is f^(x^)“ • 



A153* 



v(x^)* W^(Xj^) - w(Xj^)* v'(x^) 
[v(x^)]^ _____ 



l5k. Consider f(x)» x / 0. Here v(x^)» xj, v(x^)- , 

3 C 

1 V^(x^)« • 



-1 

M27ho - x^(25 - x^^) ^ 

-1 

275* Thus, F'(x.j^/- -x^(25 =• x^^) ^ - we will rationalize this expres- 
sion when we substitute in our value of x^ so the slope of the tangent 
line to the graph of F at the point (1^,3) is F^(x^) or • 



A29o 3 



30 o Let us now find the derivative of the function f defined hjjr 
f(x)« x« Step (1) expresses f(x^)® and f(x^4- Ax)* • 



7Xj^ 9 2x^ 

7 v(Xj)« w^(xj- w(x,)* v^(x-) 

15p# Thus, for f(x)^ f'(x,)^ ^ ^ ■ - 

[x,2]2 



m 



( in simplified form) o if x^/ 0< 




276* Does this answer check with the results obtained in the section 
on iinits, as cited in frame 270? 



A30e 3C^+ Ax 



31* Then^ stop (2) requires an expression for f(x^+ Ax)“ 
( in simplified fom) « 



n55. 

15^60 Tou probably realize you could find the derivative of the above 

7 

example in a sinqpler wayo How could you rewrite f(x)« if x / 0? 

iC 



MZlS^ Yea 

277 o let us now write the equation of the tangent line with slope 

€=ih 

p passing throng the point with coordinates (1|,3) for this function. 
Here , F'(xj^)” F"(l»)= . 



32. The difference quotient in step (3) is 



O 



f(x^-fr Ax)» f(x^) 



Algg. f(x> 

157. Wiat is the derivative of -Uie rewritten expressions i.e, 
f(x)" x^7 Does this answer cheek with that just obtained? 



4277. It, 3, "I 



278. The equation of the tangent line» y - [P^(xj^)](x - x^) becones 




iia57. Tes 

158. If f(x)» ^ - |43» * ^ 3 s ’'(* 1 )“ s 

, V'(Xj^)- . 



A278q y - 3 ■ "^x - It) (or an equivalent ejqpression) 



279* Let us consider a function not previously discussed in the seo» 
tion on limits and compute ra^, the slope of the tangent line^ for any 
point on the graph of this function© Graph f defined by f(x)“ x ♦ x - 6 
on your own paper and draw the tangent line at the po5.nt (2j0)« 



A33o Since Ax / 0^ but approaches zero^ both numerator and denominator 



may be divided by Axo 

3k o In evaluating. 1 ■* what limit theorem did you use? 



A158o 



159. 



Is x^- 3s Is 1 

Thus, if f(*)- “ |43» 



v(x^)» W^'CXj^)” w(x2^)«» V^(Xj^) 

[v(x^)]^ 

(x-“ 3)« 1 “ (x.-^- 1). 1 

(^3)^ 



^ ( combining terms in naroerator) 
if x^j^ 3. 




2 

280. If f(x)“ X + X •=> 6 s the slope of the tangent line at ary point 
on the graph of this function whoso x-coordinate is x^ is f'(xj^)" 



e 






A 3 h« For ^ constant k if f (x) ■* ^ ^ 

3^0 Thus^ if f is defined by f(x)« x^ then the derivative of 
at x^5 is f^(Xj^)" o 




C, 

l60o If f(*)= - - » 1 / Oa w(x,)' 

x-’* 1 



W^(Xj^)' 



(Xj^)- 



v(x^)® 



il280o 2x^4- 1 



evaluated 



281o Let us now evaluate point with coordinates 

(250)0 Hare x^- so f^(x^)« 2x^+ 1 becomes f^(2)- • 



435s 1 



2 

360 Let us now find the derivative of f defined by f(x)» x o Step 
(1) yields and f(x^)» o 



iH 60 o 1, 2x^^ 3g 

2 , v(x-)o w^(x-)- w(x-)« v^(x-) 

l6io Thus^ if f(x)« f'(x,)« — — — i — y - 

^ [v(x^)r 

(x^^^ l)#(2x^^ 3)-(x^^^ 3 x^)(3x^^) 

1)2 



if Xj^^+ 1/0, 



A281, 2o ^ 

282. You should now be able to write the equation of the tangent line 
to the graph of f defined by f (x) ■ x x - 6 passing through the point 
(2^0) o This equation is • 



A36o ^ 

37 o Step (2) in the process of finding the deri'vative of f defined by 

2 2 

f(x)« % 3 evaluated at gives f(x^4- Ax)“ f(x^)'^(^'«' Ax) « (x^) 

2x^ Ax * Ax^)« x^^* ( in simplified fQrm )o 




162 o Now it^s your turn 

- 




^5 x**+ 1 r 0, 



m 




X 



2) (or an equivalent expression) 



283, 1»fe will now find the equation of the tangent line to the graph 
of f defined by f(x)« x^“ 2x^4* 5x ■=» 1 at the point (“l^ “9)o Perhaps 
you will want to derive your own solution before reading that which 
follows* Here the slope of the tangent line ^or ai^ general point 

(x ^5 y^)a is r(x^)« ■ 

Skip two pages for the answer to frame 283« 



o 



A37. Ax ♦ Ax" 



38e E 3 ?pressing the difference quotient^ step (3) gives 

f(x^ 4 - Ax)» f(x^) (2x^ Ax 'fr Ax^) 

” Ax 






(x.^* l)o(3x,^* lix,* 2x. ■»■ X-"1)»(1(X^ ) , Ii V / 

A16?. — i ^ T - 2— 1 if 1 )/ 0 . 

(X^^4^ 1) 



163 0 Let US summarize our work up to this point© We defined the deriv* 
ative of a function f as the limit of the difference quotient 
f(xj4- Ak)“ f(x-) 

— — i — - — — — if this limit exists© We then proved a number of 

DX 

basic theorems to enable us to find derivatives of certain functions© 
These theorems involved derivatives of sums^ differences^, products and 
quotients of functions , the derivative of the constant function^ and 
the derivative of the independent variable© A corollary was proved 
for the derivative of a constant multiplied by a function of x© Reviet^ 
the theorems j definition and corollary from your list at this time# 




A38o Axo Since Ax / 0^ but approaches zero^ both numerator and 

denominator may be divided by a non-zero quantity o 

39 o Finally 5 expressing the limit of the difference quotient^ step(l 4 ) 
fCx-'^ Ax)= f(x-) 

gives^^ Ax "a3^ ^ " 



l61io Following is a set of exercises you should be able to complete 
using the theorems ^ corollary and definitions o 

(a) If f(x)» Tix^- 2Qx^« 9s q 

7 „ 

(b) If f(x)- x^<=> x^"^4. f"(x^)- 

(c) If f(x)K9x =■ 7)(x^4- Jix - 17) s f^(x^)^ 

(d) If f(x)^ g X /±ls _ 

x^« 1 

(e) If f(x)«(x^“ 3}^s f^(x^)^ ___ 

(f) If f(x)= X / f'CXj^)- , 



o 



A'39o 2x^ 



kOo Thus^ if f(x)» f^(x^)* 2 x ^0 

of f evaluated at x^o Here f(x^)® _ 



If f(x)« 2x^3 find the derivative 
and f(x^+ o 



Al6ii* (a) liOx^, (b) |x^^- 2.3x^^ 



(c) (9x^« 7)(3 x^^4- 2 x^« ii)4« 9(x^^+ x^^« bc^- 17) * 



(d) 



7(x^^- D- 2x^(7x^- 

(x^^« if 



if x^/ + 1, (e) / 4 X^(x^^- 3), 



(x-- 3)(6x«^- 3)- (2x.^- 3x.) 

(fl ■ — — - — ' ■ if X-/ $ 



169^» “Wfe will introduce one more basic theorem to allow us to differen- 
tiate functions of functions, or composites of one function by another* 
Let us first discuss the coirqjosite of one function by another, or more 
sinq)ly a composite function* Hy definition, a function is a set of 
ordered pairs such that no two distinct ordered pairs have the same 
element. 



A283* 3x^^** 5 

281*0 At the point (-1, -9), the slope of the tangent line to the above . 
graph of f defined by f(x)® x^“ 2x^4- ^x - 1 is f'(x^)« f'(-l)« _^* 




AkO<> 2(xj^+ Ax)^ 



2 

iilo In step (2) in the process of finding the derivative of f(x)* 2x ^ 
evaluated at x^^ f(x^+ Ax)<= f(Xj^)« ( in simplifM d^f^) q 



Al6^« first ♦ (Review the definition of a function in the limit sec« 
tion if you had difficulty answering this itemo) 

166. A composite function (or a composite of one function by another) 

is defined by f[g(x)] or (f o g)(x). An example of such a function 

2 2 

f o g is defined ly f[g(x)]» (f o g)(*)“ [(x + 1)] 

z ^ g(x)*^ «««_ 

2 

f(z) f[g(x)]® z 



A2Qh. 12 



28^. The equation of the tangent line at («1,«9) with slope 12 * for 
the above function is _ • 



ES 



Alilo 2(2x^Ax 4- £a?) 

f(x^4- Ax)- f(x^) 

l|2o In step (3) a the difference quotient ax 




O 



A166» x^» 1 

167 o For this function^ an ordered pair belonging to f o g is (Ig 



A28^o y -<• 9 “ 12(x * l) (or an equivalent expression) 

2860 In the following set of exercises^ find the slope of the tangent 
line at the indicated point and write the equation of the tangent line 

at that point* 

(a) f(x)« -2 at (7p»2) 

(b) f(x)® X at (“‘9;>“9) 

(c) f(x)- X - 1 at (1,0) 

(d) f(x)*(x - 1)^ at (1,0) 

t 

(e) f(x)» 1 - 3x - x^ at (“2, 3) 




itil2o 2(2yL^ Ax) (Notes life have divided by non^zero Axo) 



l*3o In step the limit of the difference quotient is expressed as 



uating the limit ) o 
Aa67o U 

1680 Other ordered pairs belonging to the function are (O^l)^ (2^2$)g 

(3^ )o (Note that we are here en^hasizing the fact that 

a coD5)osite of one function by another is a function in the “ordered 
pair“ sense discussed in the section on limits©) 

A286o (a) 0§ y ^ 2 ^ 0 (or f(x)^ -> 2)a (b) Ig x ^ y^, (e) 1$ y ^ x 

(d) Os y ” 0 (or x^axis) , (e) 1% y 3 »x-fr2 

287o Since the derivative of f(x) evaluated at is the same as the 
slope of the tangent line to the graph of f at the point with x^coordinate 
x^, when this slope exists 5 we can see why our previous example of the 

function f defined by f(x)*|x “ l| did not possess a derivative at x^“ 1© 

Referring to the graph of f be low ^ note that the 2 lines 5 1^ and Ig^ 
making up the graph and intersecting at the point Pg(l^O)s make angles 
of kS and degrees^, respectively^ with the positive x«axis© 



to 



f(x^'fr Ax)» f(x^) 



( eyre S3 your answer ii ^ *' 





/ 





AU3<, 

l|lto Thus 5 if f is defined by f(x)® f^(x^)“ 



AI680 Ito 100 

169 o Another example of a coiqjosite function f o g is defined by 
(f o g)(x)» f[g(x)]«'\/x^i> X ^ 0 

O 

z ” g(x)“ x^ 

m 

f(z)« f[g(x)]« Z O 

(Tour answer should correctly complete the shaded boxo) 



2880 Choose a point B on the graph of the function on your own paper^ 
with an x^coordinate slightly greater than x^* 1^ say x^^ Ax * 1 4- Ax^ 
where Ax is ( greater thano less Uian ) zero* Indicate such a point B 
on your graph# 



o 



A'l4lio 



2 

USo Let us now consider a function f defined by x - x ^ composed 

of 2 terms g and compute its derivati-^o As you might expect 5 the pro- 
cess will be a bit more complicated in this caseo Step (1) gi'^es 
f(x^)* fCx^'*' Ax)« - o 



ia69. I 

I7O0 Ordered pairs belonging to the composite function fog defined 
above are (2^2 5 (3a ) 9 




289* For such a point a secant line PB to the graph of f is the 




same as the line 



F 




^ ^ Ax)“(x^4' Ax) 



i^6o The difference f(x^+- Ax)« f(x^) in step (2) is 
Ax)“(x^^ Ax)^]-[x^“ - — . 



o 



A170. \/^ or 3 v 5» g 



171 o Let us now concentrate on recognizing the form of certain compos- 
ite functions (or composites of one function hgr another)© This ability 
will be needed for the next differentiation theorem© Note that 
f[g(x)]*=^(f o g)(x) denotes that f is a function of g defined by 
g(x)« Zj and g is in turn a function defined by the variable _© 



A289© 1^ (or PB) 

290© The limiting position of a secant line PB as B approaches P is 
the line • 





in 



Mh6^ Ax “ 2x^Ax “ Ax^ 

f(x-+ Ax)- f(x«) Ax - 2x-® Ax - Ax^ 
it?# The difference quotient ^ — - — — ® ■ — ■ - — - — - 

step (3) is _ # 



AUTlo X 

172. The composite function fog defined hy (f o g)(x)« f[g(x)]« 

2 2 

(x 1) considered in frame 166 can be defined in another manner as 

the composite of one function by another. Since (x^-fr l)^»\/fx^^ 1)^^) 
we may write (f o g)(x)^(p o q)(x) 

or p[q(x)]«^-\/(?ri^7^ 

E ® q(x)®(x^^ 1)^ 

0 

p(z)“ p[q(x)]« z 



A290« 1^ (or PB) 

291# Since 1^ makes a it^^degree angle of inclination with the positive 
x-axis, the slope of this line is 



Ah7o 1 “ Ax 



I*8o nnally^ the limit of the difference quotient in step (U) is 



f(x-^ Ax)« f(x-) 

" 2 * 1 “ . 



mzc I 

2 2 

173 o The composite function fog defined by (f o g)(x)^(x 4- 1) may 

also be defined by (m o n)(x)® m[n(x)M*^x ♦ 1) where n(x)® _____ 
and m(z)* z^o 



A291« 1 



292* Check your answer with our former reasoning for f defined by 

f(x^4- Ax)= f(x-) 

f(x)*]x = if in frame 235* There lim — jr ~ — — evaluated at 

Ax->0 

x^* 1 had numerical value 



jKh^o 1 “ 



h9o Thus^ if f(x)« X 



2 

X c, 



f^(x^) 



A173„ ■?/?-«■ 1 

Xfho Thuss you see that a function has more than one representation 
as a con^DOsiie function =* in fact^ an infinite number of such 
represenUtionSo Can you think of other ways in which (f o g)(x)^ 
f [g(x) is a con 5 )osite of one function by another^ different 

from the above representations? Some other representations follow^ 
which may be the same as or different from yours© Check your results 
with your teacher if you have questions© 



A292© 1 

293 o Now consider a point A on the graph of f defined by f(x)®|x =’ ij 
with x^coordinate slightly less than x^® 1^ say x^+ Ax ® 1 + Ax ® ©5o 
Here Ax has numerical value © Indicate poiqt A on your graph© 



Al49o 1 ■=' 



50o By now^ you realize that the process of differentiating is tedious 
and could be rather complicated and lengthy o Fortunate ly^ there are a 
number of theorems that allow us to shorten our worko In fact^ we have 
already proved one of the basic theoremso You recall that in frame 3^s> 
if f is defined by f(x)- then the derivative of f evaluated at x^ is 

1§ io6o f^(x^)® O 



mh. 



ILi* 






2^-lt 





175o Consider the second composite function given above ^ defined by 
(f o g)(x)^ f[g(x)]*V^ 5 > X ^ Os which may also be defined in a dif- 

/I 

ferent way as the composite of one function by another© Since yx ® 
we may write (f o g)(x}®(p o q)(x) or 

p[q(x) 3K 

» q(x)®v'x 

A 

p(z)^ p[q(x)]® z _ o 




29ho For point A> the secant line AP to the graph of f defined by 
f(x]i®|x l| is the same as the line o 



A^Oo 1 



5lo Wfe express this in words ^ ss the following theorems 
Theorem 1 <> The derivative of the independent variable is oneo In 
mathematical notation^ we haves If f(x)» x^ f^(x^)^ o (Enter 
this theoremc) in both forms 9 on the enclosed sheet headed '®List of 
Definitions and Theorems o”) 




1760 The composite function defined by (f o g)(x)^- f[g(x)]®"\/^ 

also be^defined by (m o n)(x)® m[n(x)]* where n(x)^^ 
m(z)« zr^o 



A29iio Ig (or AP) 

29^0 Since Ig makes a 13^”degree angle of inclination with the positive 
x-axiSg the slope of this line is 



O 



^2o list’ US now state and prove a second theorem in differential cal- 
culus that enables us to find the derivative of a function more easily* 
Theorem 2 s The derivative of the constant function^ evaluated at 
is zeroo In mathematical notationc) we haves If f(x)« k|> where k is a 

constant^ then f^(x^)* * (Enter this theorem.c, in both forms^ on 

your listo) 



ATJ60 

177a Wb have now expressed (f o g)(x)^y^ as the composite of one 
function by another in three ways* Can you think of other ways^ dif« 
ferent from the given three 5 for which (f 0 g){x)=^Vx^ is a con^osite 
of one function by another? Some such representations follow© 



A295o -1 



296a Check your answer with our former reasoning for f defined by 

f(x»*«- Ax)- f(x-) 

f(x)«]x - ij in frame 236. There lim — — ® a 

Ax-^“ ^ 

evaluated at x^^® 1. Do the two results check? 



5 ^ 3 o We shall proceed to prove this theorem by applying the k steps in 
the process for finding the derivative of the function f evaluated at 
In step (1)5 if f(x)® f(x^)^ k and f(x^-fr Ax)« 



' A 296 » -Ic Yes 

297 « The derivative of a function f defined by f (x) 5 evaluated at 
is the same as the slope of tlie tangent line to the graph of f .at the 
point with x-coordinate x^. For the above function^ at (lj, 0 ) no such 
tangent line ♦ 




1780 Consider the composite function fog defined by 



(f o s) (^) ® " (3c W 

C.1 

c "3 

f[g(x)]»(x ^1) where 
z ® g(x)^ X ^ 1 




A53e k (For all f(x)“ ko) 



$bo In step (2 )d Ax)- 



A178o “I 

«x 

179 o Tie con^osite fanction fog defined by (f o g)(x)^^(x 1) ^ may 

also be defined by (p o q)(x)^^ ( where g(x)'^ and 

p(zi)« o 



A297o exists (or an equivalent expression) 



298e The slope of the tangent line at (l^O) doesn^t exist because 

right and left hand limits of the function at this point are unequal| 

f(x^'fr Ax)“ f(x^) 

^ Ax"" '* 



i«eo If X-® 1 lim 
^ Ax-M)" 



f(x^-«’ Ax)- f(x^) 
to ““ 



® -1 and lim 
Ax-#0 



t6ko 0 



Ax)« f(x.) 

In step ( 3 ) a " ^ 



1 

A179o ^-x. -fr i (or (x ^ 1)^)5 (or |) 

csa 

I8O0 The composite function fog defined Iby (f o g)(x)^(x 4 - 1) ^ may 
also be defined by (m o n)(x)«‘'c^'^(x 1)”^ where n(x)« 

m(z)« • 



A298, 1 

299 • Consider the function f defined by f(x)® x» We proofed as our 
first theorem^ that for this function^ f'(x^)* 



O 



MSa— 2 (Here agaln^ Ax / Oo) 

Ax)» f(xj 

56o Finally 5 in step ( 4 )o^j^i|^ A x ' """”" ® '' 



AlSOo (x 1)'^"^ (or 



X ^ 1 



1 

CJK' 

j 



)o V3 (o:j? 'Z 'J 



^,L 

t j*' 

l8lo Can you define (f o g)(x)Kx 4- i) ^ as a composite fantrfcion by 
representations different from those cited above? Some such representa- 
tions folldWo 



A300o 1 

301o Let us relate the value of this derivative to the interpretation 
of the derivative as the slope of the tangent to the graph of f at a 
point with x-coordinate if the tangent exists© Graph the function 
f defined by f(x)>^ x on your own paper© 

Skip a page for the answer to frame 301© 



A 56 o O 5 since * k for ary constant k 



$7o Ve ha‘ve just proved that the derivative of a constant function f 
defined by f(x)» k is f^( 3 c^)^ o 



A 181 * 




1 ”1 

S [(* -J- E(x 4 1)^] ^ 



182 o Following is a list of functions you are to define as composite 
functions in two other ways as indicated g 

M 

(al) F(3t)^f o g)(x)« X where g(x)^ f(z)^^ f[g(x)l'^ 2 o 

m 7 

(a2) F(x)Kf o g)(x)>^ X where g(x)^^ x ^ f(z)*^ f[g(x)]*^^ 2 © 

(bl) H(x)Kf o g)(x)s ” x”\ X / O5 where g(x)s-^ x^^ fCz)*-* f[g(x)]« z 

(A* 



(b2) H(x)«(f 0 g)(x)^ x*^ g X ^ Os where g(x)'=* x^^ f(z)« f[g(x)]« zT^o 



(cl) Q(x)Kf o g)(x)^(‘ 



~ — X X O 5 where 



VT 



^ Xg f(z)*=* 
f[g(3c)]« Z 



efj 

^ ^ 0 



(o?) Q(x)“(f o g)(x)“(— 1 “)^“ X ^9 X > Oj whe» g(x)=> x 5 f(z) 

\/ir 

(dl) l>(x)«(f o g)(x)“ gr where g(x)“ 1 * Xj f(z)" f[g(x)] ® e 

(1 * x)“^ 



(d 2 ) P(x)«(f o g)(x)f^ 



(1 4- x)‘ 



where g(x)Kl ^ x) g f(z)« f [g(x) ] 



(el) G(x)®(f o g)(x)‘^“\/l “ x^g “1 s X s Ig where g(x)Kl ° x^)^g f(z)« 



z o 



e2) 



«(f 0 g)(x)«\/(l “ x‘^)g «i 5 X S Ig where g(x)Kl “ ’g f(z 



Si 2: 



,3 



0 



o 



58o Thuss if f(x)“ 7s Oo If f(x)“ “p f"(X;j^)“ . 



A182. (al) |s (aa) “| a 

<dl) a, (d2) its (el) |s (e2) I 



(cl) 



=3 

2'5 



(e2) 



Ic 



183o "Wfe are now ready to state and prove the theorem for differentia® 
tion of a con?)osite fanctiono Theorem 8 p If F(x)*^(f o g)(x)^ f[g(x)] 
and fng(2S^)] and g‘'(xj^) exists then F^x^)" f"Cg(x3L>]° g'(*i)» *<*<1 
this theorem to your list© 




302 o Considering any point P on the ^aph of f with x®coordinate 
choose a point B on the graph whose x®coordinate is slightly greater 
than x^s say x^^ txo Indicate such points P and B on your ^apho 



^9r A useful and basic theorem of differential calculus iiwolves the 
deri'vati'w’e of a positive integral power of the independent variable© 
This theorem reads g Theorem 3 © If f(x)« where n is a positive 
integer then n o Stated in words 5 this theorem says 

that the derivative of a positive integral power of the independent 
variable 5 evaluated at is the original exponent £> xic) multiplied by 



a power of 



and has 



as the exponent© 



l 82 to This theorem is somstimes called the chain rule of differentiation 
because F^(x^) is expressed as a chain of derivatives^ namely ( fi !y._ in 
namBral) in number as we^ve stated the theorem© 

Skip a page for the answer to frame l8a© 




Notes Your points may have been placed 
differently© 



303© A secant line PB to the graph of f is the same as 



A59o 1 



60o To prove this theorem^ we proceed through the four steps in find- 
ing the derivative of f evaluated at as before « In step (1)|, if 
f(x)2s f(x^^^ Ax)® o 



A3C3o the graph of f defined by f(x)« x (or an equivalent expression) 

30ko The tangent line to the graph of f defined by f(x)® x§ ioeo the 
limiting position of a secant line PB as point B approaches point is 

O 



Skip a page for the answer to fl^ame 30iio 



A60o Ax)^ 



6lo We note that f(x^^ Ax)®(x^-*‘ Ax)*^ can be eaqoanded by the binomial 
theorem^ since n is a positive integea:“o Thus^ Ax)^- 



n^ n 

X^ 4. o 



Xc,^”^o Ax 4 2L2~1. Ax^ 4> ( next term ? ) 4* "wher^ S 

X ^ S •!» 



is the sum of other terms ^ all of which contain Ax with exponents 
greater than 3 if n > 3o 



j|l,8ii© two (More functions than two may be in the chain^ depending 
on the complexity of the composite function©) 

185 a Proceed to prove this theorem by the same method previously used^ 
that of the four steps in the process for finding the derivative of F 
evaluated at x^<. In step (1) , if F(x)- f[g(x)3, F(x^)- f [g(x^) ] and 

FCx<=,4 Ax)^ o 

’ I €3N!C' - j t 



A6lo 



62 o Thus, in step (2), f(x^+ tx)^ f(x^)“(x^4* Ax)^« o If we sub® 
stitute the expression for Ax)^ derived by the binomial expansion, 

we have f(x^^ Ax)- f(x^)® ■ 




Al8^o f[g(x^^Ax)] 



i860 In step (2), T(x^^ Ax)-F(xj^)« 



A 30 h« the graph of f 

305 o The graph of f makes an inclination angle of degrees with the 
positive x-axis and hence has slope ♦ 






f(X--<- i5«)“ f(3L,) 
6ijo In step ( 3 )s ^ 



S9 



Ax^> n(n=^l)XnrlI x S 



IT 3s '1 



Ax 



dividing each term by Ax< 



f[g(x> Ax)]- f[g(x*)] 

Al87o • — — ^ 

f[g(x^'fr Ax) ]-f[g(xj^)] 

1880 Let us rewrite the above difference quotient^ ^ — ta 



before proceeding to step ( 1 |) ® "Why can we write 

f[g(Xj+ ta)]- f[g(x,)] f(g(x.j^+ to;)]» f[g(x^)] 

■ a T g(x^^ to)= g(i^) " 



g(jL* Ax)- g(Xj^) 
Ax 



7 



o 



iix)' f(x.) 

6^0 In step “ 



terms, eaeh containing Ax) 



a^ipo n o ^jA^P terms 5 each containing Ax) 






AI 880 If both numerator and denomina t or of an expression ai^e imiltiplled 
bjy the same non^zero quantity in this case gCx^**" Ax)^ g(x^) ■= the re* 
suiting expression is equivalent to the original expresslono 

f[g(x..'fr Ax)>' f[g(x,)] 

l89o In step (h)s 



(substituting from above) 

( 1 ) 

( 2 ) 



f[g(3t~-*- ta)3= fl’gCx,)] g(x,'«-4x)-g(x )' 



1 

■I agg jiM-jfc ' ji iK-w ra w r^ w r ,i w .M i gpr^iu w 

g(x^-fr Ax)« g(x^) 



Ax 



f [g(x.^ Ax) J“.f [g(x. ) ] g(x.4»Ax)«=^g(x» ) 

^ Ax 



'fr Ax)- 



fCgCx^-fr Ax)]- f[g(x^)] 



Supply reasons for (l) and (2)« 



Ao5o n o 

660 We have now completed the proof of the theorem which states that 
If f(x)^ x”^, where n is a positive integers f^(x^)« 



AI89I ( 1 ) The limit of a product is the product of the limits o 

S3 g^(x.^) 



(2) E|5r definition^^^^ 



Ax 



I9O0 Referring to the statement of this theorem on your list and con= 
sidering the final ejgjression for F^(x^) in the previous frame ^ ioSo 

Ax) h f [g(xj ] 

e(kj- “ 8'(x^) 

f[g(x^'«’ Ax)]« f[g(x^)] 

A3^So g(x^4- Ax)- g(x^> ^ 



we must show 




307 o For this point A^ let its x-coordinate be x^+ Ax£, where Ax is 
( greater thang less than) zeroo 



o 



A66o n 



o 




67 o This theorem is sometimes referred to as the power differentiation 

^27 

formulao Using this theorem, if f(x)^ 3x^ o If f(x)« x , 

f^(x^)* • 



A190« f'[g(x^)] 



191 o As we reasoned before for the function w in the proof of the pro= 

duct and quotient rule, where we assumed continuity, as Ax approaches 

0, approaches g(x^) assuming g is continuous o Thus 

f[g(x^^ Ax)]- f[g(x^)] 

' g(x^-^ Ax)- g(Xj^) 

f[g(x^^ Ax)]- f[g(x^)] 



A307 a less than 

308o The limiting position of a secant line AP, as point A approaches 
point P, is the tangent line to the graph of f at point P© This is 




the line 



A'67o 

2 

680 Can the derivative of the function f defined by f(x)" x ^ whose 
value is given in frame l^O^, be evaluated by the theojrem just proved? 
Wiy? 



AI9I0 g(x^'^ Ax) g(x^) 

f[g(x^+ Ax)3« f[g(x^)] 

192. 



w lim 

g(x^4- Ax)Hfc>g(x.j^) 



i’[g(x^4’ Ax)]“ f[g(x^)] 






By changing to alternate notation^ g(x^-»^ Ax)^ g^^* Ag and g(x^) 



at 



A308 q making up the graph of f 

309 o This tangent line^ obtained from the limiting position of the 
secant line AP^ has slope o 



A69.» 



Yes 



70o Wfe also check Theorem 1 (if f(x)« then 1) hj the 

power differentiation formula o We see that f(x)^ x can be written with 
a positiw integral exponent as f(x)« o 



A193o Ag 
19i*o But(g^+ 



as Ag -^5 so lim 



fCg^-fr Ag)“ f(gj^) 
Ag 







f(g^^ Ag)= f(g^) 
Ag ^ 



A310q equal 



311. 

lim 

Ax-^' 



The previous statement is equivalent 
f(x^^ Ax)“ 

, — — 



to the statement that 



O 




itTOn 

71o Thns^ if f(x)^ by the power differentiation forimla^ 

1 ® o 



Ag)~ f(g^ 



195 o By definition a ^I^q 



B 



f(x-^ Ax)- f(x-) 

A311o liifl . ^ 

Ax-»0 ^ 

312 ffl Thus 5 if f is defined by f(x)® x^ the derivative of f^ evaluated 
at x^ (the slope of the tangent to the graph of f at x * x^)^ d.sts 
and has numerical value o Is this result consistent with Theorem 



1 ? 



72 o Does the answer in the previous frame check with the result of 
the first theorem? 



A195o f"(g;j^) 



i 960 In alternate notation ^ f^(g^)'^ 



A312o 1 , Yes 

313 o Consider the second theorem we proved concerning the derivative 
of a function f defined by f(x)«® where k is a constanto For this 
function, f^(x^)« o 



A12 o Yes 



73 o It will be proved later in your calculus course that if f(x)» 
where n is any real number ^ rather than a positive integer p it is still 

true that _ o 



AI960 f'[g(3C^)3 

197o Referring back to frame 190^ we have shossn the required equality o 
You should review the proof of this theorem^ since it is the most diffi^ 
cult proof demonstrated thus far® Stated again 9 the theorem, reads s 
If F(x)* fCgCx)]^ and f'^[g(x 2 ^)] and g^(x^) exists then F^(x^)^ - 



A313. 0 

3llt« (k’aph this function on your own paper ^ indicating a point P with 
x-coordinate x^ on your graph© 



o 



ii 3 

7h„ Thuss if f(x)« x-’a f"(Xj^)'’ | ° '3 

fMxj^)- -5 • o 




If f( .x)® x*" 



A197o f'[g(x^)]« g'(x^) 

198* Since most of the composite functions we want to consider will 
be powers of a function of xg io©o lg(x) wh'^j^e n is a yeal number^ 
"fs can prove a corollary to Theorem 8© Corollary © If F(x)*^[g(x)j ^ 
and exists, F"(xj_)» n[g(x^) g"(*^). Add this ooroHary 
to your list® 




(Notes Your point P may have 
been placed differently®) 



3l5* Choose a point B on the graph of f defined by f(x)® k, with 



x-coordinate slightly greater than x^^ say x^+ Indicate such a 

point B on your graph. 



7^0 We have now proved three basic theorems for finding the derivative 
of simple functions o These theorems express the derivative of the in= 
dependent variable 5 the constant fanction^ and a positive integral power 
of the independent variable ^ the last of which we extended to any real 
exponent o Review these theorems from your list at this time© 



199o If F(x)« f Eg(x) ]®^[g(x) where g(x)« 2 

f[g(3c)]^^ f(z)« z®o 



A315< 




X, X,+A\ 



3l6« A secant line PB to the graph of f is the same as the graph of 



?6o Following are 6 exercises you should be able to do using the 



theorems 0 


8 




(a) 


If 


f(x)“ 


J • 

Jt ^ - 


C^(x^)» 


(b) 


If 


f(x)*^ 






(o) 


If 


f(x)® 


1.7 

X 




(d) 


If 


f(x)« 


10 5 


f^(x^)« ^ 


(e) 


If 


f (x)w 


h3 5 


r(x^)« 


(f) 


If 


f(x)B 


w 

X 5 





A199o n 

200o If we let g(x)» z in the statement of Theorem 8^ we have 
F(x)« f[g(x)]- f(z), F^(x^)« f'[g(x^)]o g'^(x^)'^' Jo z^ 



A‘3l6o f (or an equivalent expression) 

317 o The tangent line to the graph of f defined by f(x)® k| i«eo the 
limiting position of a secant line PB as point B approaches point 
is o 



Skip a page for the answer to frame 317 o 



(e) You do not yet 



3 

A?6o (*-) ^ lo?3^ 9 ^ 

k now how to find the derivative of this expresslon ^be^ause thejm^ 
able is the exponent rather than the bases as i s required in the powex 
differentiation formula. (f) 

77* As you mi^t expect^ the three theorems we have proved certainly 
are not sufficient to find the derivatives of all functions one en- 
counters in differential calculus. We will now prove four more theorems 
that permit differentiation of slightly more coinplicated functions com- 
posed of sumsj, differences, products and quotients of simpler functions. 
Because a derivative is a limit , you should expect theorems concerning 
derivatives of functions composed of sums, differences, products and 
quotients of functions to depend on limit theorems concerning . s 

„ and of functions* 



A200* 

201. If we let g(x)* z in the statement of the corollary, we have 
F(x)«[g(x) z’^ 

F'(x^)- n[g(x^)]”“^* g'(x^)- n[z^3^“^o * 



A77 o smtiso differences fl products ^ cpiotlenbs 

780 Our next theorem concerns the derivative of a sum of 2 functions o 
Prom the preceding remarks^ because the limit of the sum of 2 functions 
is the sum of the limits of the functions ^ you should expect that the 
derivative of the sum of 2 functions is « 



A5:01, z£ 

202 o Congjaring the final expressions for F'(x.) in both the theorem 

ricaT 

and the corollary (f^(z^)* 2r^ and n[z^] • zp we must show 



A317a the graph of f 

3180 The graph of f makes an inclination angle of 
the positive x«axis and hence has slope « 



degrees with 



where 



A 78/. the sum of the derlvatiyes of the fanctions 

79 o Our next theorem reads s Theorem It o If f(x)®3 w(x)'*' v(x) ^ 

V and V are functions of x as indicated^ and w^(x^) and exists 

then f^(x^)« w^(x^)+ v^(x^)o Enter this theorem on your liste 



A202o 

203 o That^s easy© Since fCz)*^ 2 /^ (see frame 201) ^ by the power dif= 

PH 

ferentiation formula^ f^(z^)*^ n « z^ o 

Your answer should correctly conqolete the statement when placed in the 
boxo 



A318, 0. 0 



319 o CJhoose a point A on the graph with x-coordinate slightly less 
than Po Indicate such a point A on your graph o 



80® rnifl theoi*em state that the darl5’ati‘S’e of tne sum of c. fun' t ions 
is th* ^ of fh? deri -i’atryes of tha ^ fu;tot:lons<, pro?, lied the 
abides ®xisto 




204. fsm, it P(x)» a”, ?*(*,)“ nta^j"*’^* a£, af J-f a •=■ «(•«)» 



«0ic9uJia37 teapdss If F(*)“ig(x} J**s *u4 lg(xj) . and g^(x^) 









g^(;x^) which vas to be pro/yedo 





X- 



0 



p 6 



t 

i 






320» The limiting position of a secant line AP^ as point A approaches 
poi.nt P 5 is the tangent line to the graph of f at point P. This is 



A80o s'dm 



8jl,o I/st US proceed tilirough fche necessary <4 sleeps to find the deri9'=’ 
ative^ f^(Xj^)c) e-^aluated at x^c, for f(:x)<^ w(x)^ v(x)o Step (1) gl'«es 

Ax)® -«■ 



A20h, 



n 



Lg(x^)] 



n«^l 



2.0^0 It should again be emphasized that all composite functions are 

not powers of a function® An example of such an exception is the 

2 

trigonometric function fog defined by (f o g)(x)® sin (x 7) a where 

sin z« 



A320, the graph of f 

32 lo The graph of f has slope 



o 

ERIC 






82o In step ( 2)5 Ax)-- f(x^)»[w(x^'^ Ax)**- Ax) J-[w(x^)^ v(x^)] 

^ "nix.^ Ax)*^ v(x^-^ Ax)“ w(x^)“ v(x.j^) 

(grouping like terms) >=^[w(x.j^^ Ax)- w(x^) ]^[v(x^-* Ax)- „„3 



A' 20 '^o (x^^ 7) 

2060 We will not now consider such composite functions as cited in 

the previous frame o Let us focus on the use of the corollary to Theorem 

80 If F is defined by F(x)^ F is the composite 

1 

function defined ty (f o g)(x)“ f[g(x)]“( 2 S - where g(x)« 25 - x^j 



f(z)- 



o 



A321< 



322 o Thus 5 the tangent lines at point P exist because as we approach 

P on the graph of f by points to the left and right of Pg 
f(,x^+ Ax)« f(x^) 



lim 

ibe=>0' 



Ax 



A82. v(x^) 



83. 



Step (3) expresses 



f(x^+ Ax)- f(x^) 

Sc 



[w(x^+Ax)-w(x^) ]^[v(x^+Ax)-v(x^) ] 

Zx 



(putting each e^garession w(x-) 

in square brackets over ^ 

the denominator Ax*) 



A206. I 

1 

207* F(x)* f[g(x) ]"[g(x) so the corollary states that if F(x)« 
[g(3i:)]“j then F^(x^)- n[g(x^)]““^. g'(x^) where, in this case, n » • 



A322. 



lim 

Ax-^ 



f(x^+ Ax)- f(x^) 
Ax 



323. Thus, if f is defined by f(x)« k, the derivative of f evaluated 
at x^ (the slope of the tangent line to the graph of f at x^^) exists 
and has numerical value . I® this result consistent with Theorem 2? 



A83o " Ax 



81*0 In step ih) we take the limit of the above difference quotients 

f(x--^ Ax)“ f(.x. ) /w(x.^ Ax)'’ w(x.») Ax)“ v(x^y \ 

t^O - to • "" ■ S““ ) 

(1) w(x^^ Ax)- w(x.^) v(x„^Ax)<=> vCx^^) 

"a 3^ /be 

( 2 ) 

w^(x.^) ^ v^(x^) 

Supply reasons for statements (1) and (2)o 




2 2 

208 o For the above composite function^ F(x)« f[g(x)JK25 “ x ) ^ 
g(x)« 25 “ X 3 so g(x^)® Q 



A323o Oo Yes 

32lio Since the derivative of f(x) evaluated at x^ can be interpreted 
as the slope of the tangent to the graph of f at the point with 
X“Coordinate we know that the derivative would not exist (would 
not be defined) at points on the graph for which the slope of the 
tangent line does not exist o At such points ^ the tangent line may 
assume a ( horizontal a vertical ) position* 



ASita (l) The limit of a gum of two functions Is the sum of the limits 



of the tvo functions 9 if these limits exist o (2) By definitlong 

Ax)= w(Xj) 

^ w'(x^)o The same is true of the second term 



85o W(3 have now proved that if f(x)=^- w(x)'5>’ v(x )5 and w^(x^) and v'^(x^) 

+ v^(x^)o Let us now consider several exam«=> 
pies of this theorem. If f(x)® x ♦ ?9 w(x)« x^, v(x)s5 7^ w'(x^)® I3 
v'(x^)« 0^ so f'(x^)“ w'(x^)+ v'(x^)» ____ o 



exists then f'(x^)« w^(x^) 



A208o 2^ « 



2 

209. For th«! above conq)osite function^ g(x)^ 25 ■= x% so g^(x^)“ 



A32lt. vertical 

325 o Let us examine this situation in terms of the previously dis- 
cussed function F defined by fCx)*^/^^ - x^. The domain of this function 
is defined by the inequality -5 s x S 5 and the range is defined by the 
inequality _• 



A85^o 



0 



860 If f(x)« 6 * x^+ (*=6)3 w(x)‘=* x^p v(x)® -63 w^(x^)® 

v'(xj« , so f"(xj® w'(x,j^)'*' v'(x^)^ - 

<iX» 



A209 o “2x. 



■* ‘iH-l 



210. Thus, if F(x)»[g(x)]‘^, F'Cxj^)" n[g(x^) ] » g"(x^) 

1 , 









« ( simplify 9 leaving a negative ex° 
ponent on the quantity (25 « x^^^ 



A325\> 0 u y t ^ 

326. Recalling the graph of this function^ at what point(s) would the 
tangent line(s) be parallel to the y-axis^ or assume a vertical position? 




A86« 0^ 0 



87o If f(x)« x^ w(x)« 3 v(x)^ s W'(x^)^ v'(x.^)^ 

s so f'(x^)» w^(x^)+ v'(x^)»* o 



A210o «x^(2^ - x^) ^ (Note that this expression can be rationalized o) 

_ _» ^ 

211o If F is defined by F(x)=(x^= 2x 3)^^ 2x ■=• 3 ^ Op F is the 



con^josite function fog defined by (f o g)(x)® f[g(x)]*®(x « 2x 
2 

where g(x)“ x «=• 2x ~ 3^ f(z)« z^ 



A326o (5^0) 

327 o At what point(s) would the slope (s) of the tangent line(s) not 



exist? 



roM 



a87o X, i4x^^^ I 9 1 

— 

880 Now it's your turn'. If f(x)« x*^- x^, f'(x^)« 



A211o I 

7 

212o F(x)« f [g(x) ]»[g(x) so we use the corollary to Theorem 8, stat- 

HQ 

ing that if F(x)®[g(x) then F'(x^)* n[g(x^) 3^ • 



A327, (5sQl 

328 -, At what point (s) would the derivative (s) of the function not 
exist (not be defined)? 



er|c 



89. It should be noted that it is not necessarily the case that if the 
derivatives of two functions fail to exist for some value(s) of the 
derivative of the sum of these functions fails to exist at x^. Consider 
f(x)= w(x)+ v(x) = |x| +[~ |x| ] where w(x)~|x| and v(x)= « 



A212. g'(x^) 

7 

213. For F(x)= f [g(x) 2x - 3)^, n * 



A328. (^»0) 

329. Let us now compute the derivative of 
the above conjecture is actually the case. 



F(x) = \/25 “ to see if 
For F(x)= •^25 - y?, 



F'(x^)= _ 
results.) 



(Compute your ansx-jer without reference to previou 



a89. -IxI 



90. Neither nor v'(x^) exist for x^= 



A213. j 

2lii. For the above composite function F defined by F(x)= f[g(x)]« 
7 

(x^- 2x - 3)^, g(x)= x^- 2x - 3, g(x^)« — • 



-1 

A329. - x^(2^ ' ^ 

330. To find the slopes of the tangent lines at the points (-^,0) and 
(^,0), we must evaluate F'( ) and F'( )• 






A90, 



0 



91i Ifowever_, for the sura of the above functions, f(x)= vi(x)+ v(x)*= 
|x|+[-|x| C, f - (x^)= . 



A21iu 2x^- 3 



215 * 



For the above coraposite function. 



(x)= Y?- 2x - 3, so g'(x^) = 



A330* -53 






Thus, if F'(x^)= 





and F'(5)= 



331. 



A91o 0 far all valties of Xo (See Theorem 2)o 



92 » If an algebraic eacpresslon is the difference of 2 functions^ io© 
f(x)« w(x)» v(x)g you should expect f^(x^)n p 



A2l5o 2x^<== 2 

7 

2l6o Now^ if F(x)«[g(x)]^f, F^(xJ«^ n[g(x.)]"“^o g^(xj becomes 






^'’(3^2^)“ JL (^i 2x^“ 3) (2x^c, 2)^ 



A331o Both answers are undefined * 

332 o What are the equations of the tangent lines to the graph of F 
defined py F(x)«\/S^=- x^ at the points and (Remember 
that these tangent lines are parallel to the y-axis and pass through 
the points and (5s0)«) 







93 o One conld prove the above statement^ a theorem^ with the help of 
the limit theorem that states the limit of the difference of two fane- 
tions is equal to the difference of the _ - o 

(We will omit the proofs but the reader is advised to cojrplete the 
proof as an exercise©) 



7 7^ 5i 

A216o ^9 ^ 1 (or 



r-asi _ c* ' CD 

iXK THUS, if F(x)K3c^" - 'iY's ^'’(^,1^ i (x'’- ix. - 3;" (2x.-,= '/) 



1 ' 2 • X 

(s impli fy your answer' g leaving 



2 .V 



a fractional exponent on the quantii^ 1/ ) o 



A3.32o X ^ "^0 X » 5 

333® In this casep the slopes of the tangent lines don‘’t exist at two 
points on the graph of Fc> but F is defined at these points and these tan- 
gent lines exist c, so it is possible to write their equations® Draw these 
tangent lines on your graph and label them® 




A9 3o limits of the two ftinctions if these limits exist 



9 k o The theorem reads? Theorem If f(x)® w(x)“ v(x)g then 
f^(x.)‘=* v'(x^) if w^(x^) and v^(x^) existo Add this theorem 

to your listo 



2 



A217« 7(^1 “ 3) 1) 



2180 If F is defined by F(x)® x « 1 0^ F(x)Kf o g)(x)' 

(x^c 1)2 

ii 1 
f[g(x)Hx - 1 ) 





y 




A330. 




(0,S) 










m 


X 




0 





33I4, Consider the function f defined by f(x)« x^, x ^ 0 . Graph this 
function on your own paper for future reference* 



5 v"(x^) 



9^0 If f(x)= Tf « X 9 w(x)«* TTs v(x)« X^ W^(x^)» 
f^(x^)® w'(x^)“ v'(x^)» o 



.» 



A218q °2 

? 'j 

219 o So F(x)«(f o g)(x)» f[g(x)JKx^“ 1)“^ where g(x)^ x « 

m 

f(z)® Z__o 




335® The domain of this function is defined by the inequality x » 0^ 
as cited above^ and the range of f is defined by o 



o 



Og la 



■=■1 

96c If f(x)« X ■= x ^5 w(x)» v(x)- a W'(x^)« v'(x^) = 

f'(.x^)- w'(x^)- v'(x^)» _o 



A219o -2 

m»2 

220o F(x)« f [g(x) ]«[g(x) ] 5 so our corollary will apply with n ® 



A'33!^o the inequality y « 0 

3360 From the graph of this fun?>tion, at what point(s) would the tan-= 
gent line(s) be parallel to the y-axis? 



o 

ERIC 



*96, X, x^s Is 2*^8 1 ■■ answer check with the 

derivative of this functions obtained Ibjr the h stepsp given in frame 



a??) 



97* Again it^s your turn^ 



£ 7 

If f(x)« a 



A22.0o =2 



221 o 

g(x^) 



For the above conqposite function^, F(x)« f [g(x) 
______ and g'(x^)‘^ o 





A336, (0.0) 

337 o At what point(s) would the slope (s) of the tango nt line(s) not 



exist? 



A97o Y ^ ^ constant) 

980 Since many algebraic esqjressions are products of simpler func- 
tions ^ ve will now proTe a theorem concerning the derivatixre of the 
product of 2 functionso Consider the function f(x)--* w(x)o v(x)o 
Since the limit of a product of 2 functions is the product of the 

limits of the 2 functions^ (ioSo^jJ^ [w(x)o vCx) ]«J||m w(x) v(x)) 

1 i. 1 

would you expect that the derivative of a product of 2 functions is 
the product of the derivatives of the 2 functions (io®o 
f '(x^)« w^(3^) o v^x^))r 



A221o 





222o Now^ if F(x)«[g(x)]”Mx^“ 1 )'^ » F''(x2^)« n[g(x^) g(x^)“ 

( simplify your answer a leaving a negative exponent on the quantity 




A337o (0.0) 

338* At what point(s) would the derivative (s) of the function not 



exist? 



A96o If you 



tha t simple o 



99 o The theorem reads s Theorem 6 o If f(x)« w(x)o v(x)g then 
f “’(x^)« w(x^)o 

existo Add this theorem to your listo 




A222o l)"*^ 

1 

223o For F(x)«(x « 2x^)^^ n ® g(3C^)^ a 



A338. (0,0) 

339 « At the point (OpO)^ f'(x^)^ ^ 



«=3 

x^ ^ or f^(0) is 



O 



lOOo study the statement of this theorem carefully o Stating this 
theorem in words ^ we haves The derivative of the product of two func- 
tions of 'X 5 evaluated at is the first function multiplied hy the 
derivative of the second function plus the second function multiplied 
by fl provided these derivatives exist o 



A223o 2 x^^5 1 “ 

1 

2 2" 

22k o For F(x)Kx - 2x ) % ( leave a negative exponent on the 

quantity (x^“ 2 x^^)o 



A339o undefined 

3li0<» Can you write the equation of the tangent line for the above 
function at the point (O^O)? (Remember that this tangent line is par- 
allel to the y=axis and passes through the point (O 5 O) «) 

Skip two pages for the answer to frams 3^0o 



AipOo the deri^yati ye of the first fanction (You should become familiar 
with stating all the theorems in words ^ as an aid to rememberingo) 

101 o Before proving this theorem^ consider an alternate notation for 
^(^9 Ax) 5 v(x^)p v(x^+ Ax) 3 which will simplify the notation 

in our proof* Let w(x^)« w^* If x^ changes by an amount Ax^ io©o 
X « x^4- Axp thenp since w is a function of Xp w., will change hy an 

«JL 

amount 5 which we will call Aw, Thus^ w(x^^ Ax) will be denoted tiy 

w^^ Aw, Reasoning in a similar manner ^ let v(x«)*^ v and let 

«jL 1 

v(x^+ Ax) be denoted by 

”1 

^ (l ~ hx^) 

225, Following is a set of exercises you should be able to differen- 
tiate using the theorems and corollaries developed thus far. Review 

your list of these theorems and corollaries at this time^ before pro- 
ceeding to the exercises below, 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 



i 

If f(x)a(x - 1)^, f'(x^)a _ 

5 

If f(x)-(x^- if, _ 

If f(jc)-^, f'(Xj^)- 

If f(x)KvSr:T)^ ^'(*1^" 

If f'(x^) = 

If f(x)=^^= 1, f»(x,)« 

JL 



o 



AlOlo Av 

102 o Returning to the proof of Theorem 65 we will follow the four 
steps for finding the derivati-ve of f(x) e-raluated at In step (1) 

if f(3c)« w(x)o v(x)s then f(Xj^)^ v(x^)a- ( in aternate notation’) 



"5, 3 "1 

422g« (a) |(xj^- l)^a (l>) (c) I Xj^ 

3 

(d) |(Xj^- 1)^ (Sfee (a))i, (e) | 3c,(a^^- 1) 

226, let ns return to the definition of tha deriTOtl-»e of f evaluated 

at xj, i.e.^ f(y Ax)- f(^j^) ^ exists ♦ Thus faro 

Ax 

we have considered exan5)les of functions such tnat this limit did 
exist « However p you know from the section on limits that it might 
not always be the case that this limit exist* Consider the function 
f defined by f(x)®|x - l|* Graph this function on a separate paper 



(f) 



3 -*1^*1 



2 



13 



-2 

1 



for future reference* 



A102o 



103 o If f(x)» w(x)o v(x) 5 f(x^+ iijc)>a L£)o v(x^4 ax)® 

(w^+ Aw) o ( in alternate notati on) o 



A226, 



227. We will proceed to obtain the derl^ati^fe of f(x)®jx ij 
a-tod at 3c^* by proceeding throu^ the ioux steps in e:xpresslng the 
limit of the difference quotient* If f(.x)“fx “lip f(xL^)»«|xj^- ij and 
f(x^^ Ax)« * 




A3i;0* X « 0 (or the y°axls) 

3iilo Again we note that even though the slope of the tangent line 
doesn^t exist at the point (OjO) on the graph of since f is de- 
fined at (O^O) and the tangent line exists ^ it ( isg is not ) possible 
to write the equation of the tangent line* 



A103. Av) 

10!(, In step (2), Ax)- f(Xj^)=(«j^+ A«)»(^ 

(in simplified form). 



A227. ICxj* Ax)- ij 



228, In step (2)j . 



A3lil. Is 



A-v)- «^o v^» 



• 

I T — 11 



3l|2. If f is defined by f(x)a"\/x 2 ^ x s 2, graph this fanctiono 



MXOko Av Aw 4 Aw o Av 



Ax)« f(x^) ® Av 4- o Aw -SH Aw o Av 

105. In step (3), ® — — — 



(dividing each term 4 -au.^ 

in the numerator hy 1 Ax ‘ — — — — . ax* 

Ax) 



A228o |(x^^ Ax)- l|-|x^- li 

f(x^^ Ax)- f(x-) 
229« In step (3)^, — - 



A3l|2. 



3ii3. 




The domain of f is defined by the inequalily x « 2 d 



and the range 



is 



o 



Skip a page for the answer to frame 3k3 



»10$. vf 



f(x«+ Ax)=* f(x.,) 
106, In step ik)s^i^ ^ id ^ 



‘aiiSo ("i” i ^ 




"^3lo <'“1° (^1- (*» • ^ 

2) 



(3) 

S 3 



’ f)* Va]^ s5-^(aJiSo^)(a^ 

supply reasons for (1)^ (2)^ (3)o 



A229 



I(3C^^ Aic)“ l| 



/be 



f(3C,-*- Ax)- f(x.) 

230o In step (W^^ljBo — ” ET ^ 



o 



A106o (1) The limit of a sum is the sum of the lijitiitSa if these limiM 

exlato (2) The limit of a product is the product of the lliftitSfl if 
these limits exists (3) limit of a constant la that constanto 
(w^ and are Independent of and hence are constants o) 

107, Recalling the alternate notation for the 
evaluated at f^(xj^) we have^lj^ 

AiiSo H “ ~ — -• 



derivative of y « f(x) 
^ H w^(x^) and 






Ax)- l|“i.x^= l| 



Ax 



23 I 0 Since we want to evaluate the limit of this difference quotient 

for x^« Ij the eaqoression becomes 

|<Xj* to)- if-Ix,- if 
EE ** 



A3lt3« defined by the inequality y ^ 0 

3iito From the graph of this function^ you would expect the derivative(s) 
(the slope (s) of the tangent Hne(s)) not to exist at the point(s) with 
coordinates 



O 



* 107 . 



108, The terms in the last line of frame 106 can nw be expressed 

»l*^ S " ’•l* ’'^*1^* ^1*^ H " ’i* 



Av 



*Aii®o Tx " a3^#o 



Ah • 



^ 

232. i» to exist, Um_. ■ 



A3ltltm (2*0) 

3l|5« Let us evaluate the derivative of the function f defined by 
f(s)»V3c “ 2 and check the above conjecture. Thus f'(x^)* ._ 



I 



A108# 



f(x,+ Ax)- f(xj 

109. Thus, we have^ w^‘ v'(x^)* w'{x^)* 



A232. lim 



JM 



tit*0 



Ax 



233* If Ax-^o'^^p this means Ax > Op sop recalling from the limit sec* 
tion the function f defined by f(x)“|x|p 1 Ax|» o 



-1 

A'3l*^* ^^^l“ ^ should have used the corollary to Theorem 8 for 

this differentiationo) 

3lt6. For the point at which the derivative of the above function should 
not exist p (2pO)p f^( )■ • 



XL09o 

IlOo Since the limit of the difference quotient on the left hand side 

of the expression in frame 109 is f*‘’(x ^)5 we have 

f'(x^)« w^e V^(x^)+ v^o w^(x^)+ ® v"'(x^)o Reviewing the 

statement of Theorem 6 on your list and comparing this statement to 
our expression for f^(x^) in the preceding sentence ^ we must show that 
the term^^^ Aw o v^(x^) has numerical value _ „.q 



A233o Ax 

23hc n Ax^", this means Ax < 0^ sog reasoning as above g 1Ax|« 



A'3h6a 2 undefined 

3h7a Ve can write the equation of the tangent line for the function 
f defined by f(x)“Vx “ ^ sit the point (2g0) becaise f is defined at 
this point and the tangent line exists. This tangent line has equation 



MllOo 2a3ro 



lllo Since y'^(x-) is a constant ^ i©eo the value of the derivative of 
V evaluated at a fixed or constant value x^^ m iraist show ® 



A 23 lio -Ax 



235 p 



Thus 5 lim ^ 



Ax 



lim 

Ax-K) 



Ax 
r*- Ax 



« lim .,1 « 
Ax-^ 



lehlo X « 2 

3ii8o In the case that the slope of a tangent line does not exists the 
tangent line may not exist either o It is not possible to write the 
equation of the tangent line to the graph of f if there is no second 
element, f(x^), belonging to the function f whose first element is 



o 



f- 






JCLllo Aw 



112 o Thus^ we must show that as Ax approaches 0§ Aw approaches Oo 
Consider the expression Ax) as w^4- Aw « w(x^)^ Aw’^ in terms of 

our alternate notation© For w(x^^ Ax) ^ we see that as Ax approaches 



A235o 1 Note that we have used the theorem stating jliy^k « k for a 

constant k« 

2360 Ando lim ® lim ® lim =»1 ^ © 

V*0" ^ toHK)" ^ to^" 



A‘3U8. x^ 

1 

3h90 Consider the function f defined by f(x)* Graph this function 
on your own paper® 



o 

ERIC 






AU.2o 'w(xj^) or "w^ (No't© thaib her® we nEiali iissume lihe continsiity of the 
function w^ a concept we will not discuss in this unit©) 

113o If this is the case^ then the right side of abo'^e equality^ 

Ax)“ w(x-j^)^ roust approach the saroe value w(x^) as Ax 
approaches 0© This means that if Ax approaches 0^ Aw approaches _© 



A 236 q °°1 



350© The domain of the above function is the set of all real non-zero 
numbers and the range is the set of — ^ — — — — • 




f(x.,^ Ax)“ f(x-) 

Ju 



« 1 and 



V 



X 




A113o 0 



Thus 3 if Ax appi’oaches 0^ then Aw approaches 0^ so^^|^|JqAw can be 
rewritten^^Jl|iQAw ^^iy^Aw and this limit has numerical value . o 



A237i 



f(x^4* Ax)- f(x^) 



2380 ^ 



for 1 doesn^t exist because 



A3g0o all real non-zero numbers 

3^1o From the graph of this function^ you would expect the derivative (s) 
(slope(s) of the tangent line(s)) not to exist for value(s) of x^« 



O 



mlfo 0 



11^0 Wfe have no’w proved the result required in fVame IIO5 since 
o v^(x^)« 0 o v^(x^)« o 



A2380 t he left and right hand limits are not equal (or an equivalent 
ejqpression) 



239 o ThuSa If f(x)^[x - 

^1^ This is equivalent to the statement that 



doesn^t exist at 
(x.)« r(l) 

X ' * — 



A'3^1q 0 — the tangent lines approach a vertical position for poi nts 
on the graph of f with x^coordinates near 0© 



352 o Evaluating the derivative of f defined by f(x)« we have 



All5o 0 



1160 Reviewing, we have proved the theorem that if f(x)« .w(x)* v(x), 
and v'(x^) and w^(x^) exist, then f'(x^)s w^* v^(x^)'»- v^o w'(x^)» 
w(x^)« v'(x^)^ v(x^)« w'(x^)o Stated in words, the theorem says that 
the derivative of the product of two functions of x, evaluated at x^,> 

is the first function multiplied by . plus 

the second function multiplied by a each 

term in the sum evaluated at x^, provided the derivatives exist* 



A239« doesn't exist 



2l|0o There are other examples 
atives at some value(s) of x^, 
exist* 



of functions that don^t possess deriv-= 
ioe*^iljiQ ( does* does not) 



Ax 



A352. 



zL 



353« At the point with x*=coordinate x^» 0, f'(xj^)“ — ^ is 



ERIC 



All6o the derivative of the second function^ the deri-yatlve of the 



first fgnctlon 

117* Now consider f(3c)« w(x) <» v(x)«(x')*(x^)p where w(x)« x , 
v(x)* x^, w'(x^)** 2x^, v^(x^)" o 



A2U0o does not 

2l4lo For the moment, we will confine our attention to functions which 
possess derivatives at all points in the domain of definition of the 
function* Mie will return tc other exceptional cases when writing 
equations of tangent lines In the next section* One such exception 
just cited is f(x)“ evaluated at x^» * 



0 



A‘353« undefined 

351t* The equation of the tangent line to the graph of the function f 
defined by f(x)« i at a point with x-coordinate 0 doesn't exist be- 
cause there is no corresponding second element belonging to this func= 
tion whose first element is * 

Skip a page for the answer to frame 35it* 



iai7. 3x3^^ 

♦ 

1180 If f(x)« w(x)® v(x)«(x^)o(x ^)5 then w(x^)o v^(x^)<- 

v(x^)o w^(x^)*( 3C2,^^ o You should 

check to see if the theorem is applied as we stated it aboT6| ioe© first 
times the derivative of the second plus second times the derivative of 
the first* 



A2ig.o lx ° lift 1 

2l|2o Perhaps you have felt that much of our work with the derivative 
thus far seems to be very much like that in the section on liMtSo 
This is not surprising since the derivative is a limit o To extend 
the analogy even further ^ we can relate the applications of the limit 
to applications of the derivative o On© such application is that of the 
derivative considered as the slope of a tangent line to the graph of f 
evaluated at x^| i«eo evaluated at a point on the graph whose x»coordinate 



is 



All8o 



119. Did you reaUze that you could also find the derivatiw of 

» 

f(x)“ x^o evaluated at x^j in a different way? Since f(x)“ 
x^» x^s X^J we can use the power differentiation fornEila to obtain 



A2li2 o 3C^ 

2li3o Consider a general function f such as the one whose graph appears 
below o The coordinates of point A are ( s J o Copy this graph 
on your own paper for future reference ® 



f(x)«V X we were able to write the equations of the tangent 
lines at points on the graphs of these functions where the slopes of 
these lines didn^t exist* This was the case because the tangent lines 




M3^ho 0 



For the functions f defined hy f(x)« 




A119« Note that the answers in frames 118 and 119 are the same* 

120* Let us now proceed to find the derivative of f(x)» w(x) o v(x)6s 

x(l=x) by the above theorem* Here w(x)« x^ v(x)« l-x^ w^(x^)» 

v'(x^)» 



A2l^3o f(x^) 

2hho CJhoose a point B on the graphs in the neighborhood of A, with 
x«coordinate x^^ Ax, where Ax > 0* Indicate such a point B on your 
graph* 



A3^5* existed (or an equivalent expression) 

356* To summarize our discussion in the preceding section, we have 
presented functions for which the derivative does not exist because 

lim _ / _• 

Ax-H)" Ax 



••1 



iaaOa la 

121o Thus^ if f(x)« w(x)o v(x)“ xd-x)^ f'(x^)« w(x^) <> 

v(x^) « W^(x^)» X^o(-l)+(l-X^) « 1 a __o 




2l|^o Depending on how ”near” we want point B to be to point A will 
depend on how near (x^^ Ax) is to x^, or how near Ax is to __o 



A3^6a 



lim . 
Ax->0 



f(Xj^+ Ax)« f(x^) 

S ^ 



3^7* Alsoj the derivative of a function will not exist if the express 

f(x-« Ax)=> f(x.) 

sion forj^ij^Q becomes even though f (x^^) 



exists* 



n21o 1 • 



122 o We could have found the derivative of the above function in . 
another manner o Do ycu see how? If f(x)« x(l«=x)« x=»x 5 then f 
( by Theorem ^ for the derivative of the difference of 2 functions ) o 
Does this answer check with that obtained in the previous frame? 



A 2 li 5 o zero 

2I160 Regardless of the value of Ax 5 the point B has coordinates 
( ft )a Indicate these coordinates on your graph© 



A 3 ^ 7 © infinite 

3^80 Both a function and its derivative may fail to exist at x^© In 
this case^ the tangent line at x^ ( does© does not) exist© 



Skip a page for the answer to fraine 358© 



A122» 1 « 2x^p 



Yes 



123o We also computed the derivative of this function before introduce 
ing the theorems of differentiation o Check the result here obtained 
with that obtained for the function f(x)“ 3 C “ in frame li9o all 
3 answers the same? 



A2li6o Ax, f(x^+ Ax) 

21^7 o The two points A and B on the graph will determine a secant line, 
so defined because this line intersects the curve in at least two points 
in a neighborhood of A# Such a definition should seem reasonable, be= 
cause in high school plane geometry, a secant line to a circle is defined 
as a line which intersects a circle in ■_ distinct point( s) o 




A2a7ojUo 

22i8o Ws want to sho¥ that the derivative of e$’aluated at is 
the same as the slope of the tange nt liiae to the g^ aph of f at the 
point vitn x«coordinate when this derivative exists o Let us use 
a sesant line as an aid© Referring to the above graphs the slope of 
a se?-?ant line ABo this slope deno“bed by m o oan ‘be expressed in terras 

S‘ 

of the coordinates of points A and Bg ioeog m ^ Ax)-> ^ 

S' 



A 358 q does not 

359 o Following is a set of exercises that will test your understanding 
of the previous sectiono 

(a) n* f(x)«jx ^-2]^ does f^(- 2 ) exist? (A graph may be helpful in 
respo:iding«) 

(b) If f(x)>=^ find the equation of the tangent line at the point 

X *=» .;> 

with x«coordlnate x^« 3 © 

(c) If f(x)«'\/x ^ find the equation of the tangent line at the point 




(-5s0)<, 




If f(x)f’Vx^“ 9 s find the equation of the tangent line at the point 



(5s, Wo 




(f) If f(x)“ Q X 5 O 5 find the equation of the tangent line at the point 



2. . 









L*-Pflra«r "« ■**.*■•1 -t* jv 



125 o Th»isi 5 “«'{3L..)« l)®(33c^ 

(.X,, ■^•4-' :i) ( 2:t ^, ) ® 



A2ilBa 

api£^iacu-c~«Bc aME 

249 o A je'.-^ant' AB asiS.m*)C a l;lfflilti,}ag p'ii' i.'t'l>5n5 that of the tangent 
li,.ne t-o the gcaph of f at- point A^ a;-3 Ak: app^oaoh^^s-S! o 






hs:)-^ f(x.,) 
"h»T 



A359o 



lim ^ 
Ax°-»0 ” 



As:)° f{x,) 

(a) No^ for ”2 3 lim ® 1 and 






(c) X “5 

t ar . ‘wr\ worvc** t. ^ h-i- w k -jimc., '— > 

(d) 5x » liy ^ 9 

(e) ‘X. 3 (f^(3) is uMaf ined bit f(3) exists) 

(f) X “ 0 (or y°=^a3dsi) 



o 



APPENDIX C 



CRITERION TEST ON THE DERIVATIVE 



Criterion Test on the Derivative 

Mark the correct answer and do your computation on the answer sheet. 

Make no marks on the test. 

lo If f(x)« 6 x^- 7x ^ f'(x^)« 

(a) 12 x.j^^ h 

(b) l5x^^^ 12x^» 7x^ 

(c) 

(d) 12x^4- 

2o If f(x)«(x^'0‘ 3x <=• 6x^- 5x)^ f^Cx^)*^* 

(a) (2x^4- 3)(3x^^^ 12 x^“ 

(b) 3 x 3 ^” 5 )( 3 x^'^^ 12 x^- 3 )"( 2 x.^ 3)(x^^'«- 5^x^) 

(c) 3x^» ^)( 3 x^ 4 ^ i 2 Xj-» 3 )'Kx 2 ^^ 4 . %)( 2 x^ 4 - 3 ) 



(d) none of the above 

3, If f(x)« x^(2x ~ l)(x^'fr X » 3)s ff(x^)" 

(a) x^(10x^^4f iix^^« 21x^ 6) 

(b) Iix^(2x^4- 1) 



(c) x^^(6x^^4^ 2 x^= 7) 

(d) 2 x^^( 2 x^ 4 * 1 ) 

U. If f(x)-(x^«» W/(x ‘t- 2)^ X / »25 f^(x^)' 



(a) x^4 2 

(b) 2 x^ 

(c) 1 

(d) (x^^^ W/(x^^ 2 ) 



r 



1 



If f(x)- X + l/(x <■ 2)(x + 3), X / -2, -3, f^(x^)- 

(a) -(x^^- 2x^- l)/(x^-»* 2)^(x^+ 3)^ 

(b) -x^^- 2x^^ l/(x^^ 2)^(x^+ 3)^ 

(c) x^^- 2x^'*‘ l/[(x^'*’ 2)(x^'fr 3) 

(d) li^x^-fi- 5) 

6 . If f(x)«(2x^^ Tx^'fr 9)^, 

(a) ii( 2 x^^« 7x^^^ 9)^ ( 6 x^^« liix^) 

(b) 8x.j^(2x^^» 7x^^^ 9)^ (3x^- 7) 

(c) (6x^^- liix^)^ 

(d) !i(2x^^- 7x3^^^ 9)^ 

7. If f(x)«(x^- W*^(2x - 3), f'(x2^)« 

(a) h)^ 

(b) 2(x^^- lltx^(x^^- li)^(2x2^- 3) 

(c) 2(x^^« 7(2x^- 3)(x^^- ii)^ 

(d) none of the above 

8 . If f(x)»%^4" 2x, x^'t- 2x ^ O 3 f^(x^)“ 

(a) 2/7 (Xj^-<- l)(xj^* 

(b) l/7(xj^* 

(c) ^2(x^4- l)‘ 

(d) 7 (xj^^* 1 ) 








If f(x)» ( 3x + 1 ) f'(x^)«*» 

(a) ( 3 )^ 

(b) 5/3 ( 3 x 3 ^^ 1 ) 

(c) 5(V^- 3x^^ 1) 

(d) 5 ( 1 ) 

lOo If f(x)«Vx “ 7//x - X S ?5 f^Cx^^)** 
(a) a/5^/v?^ 



(b) 1 

(c) 1/2 [(Xj^- 6)(x^- 7) ]”^/^(x 3 .=* 6) 

(d) 1/2 [(x^- 6)(x^« 7)]^/^ 



11* If 



f(x)» 



2x - x'^a 8 =■ 2x 



i Og f’(-h) 



a 



(a) undefined 

(b) 6^ 

(c) VT 

0 



12* The slope of the tangent line to the curve y « f(x)s* 7x^- 6x^1 
at the point (1^2) is 

(a) 2 

(b) 15 

(c) 1 

(d) 0 



13 o The slope of the tangent line to the curve y b f(x)“ 

/ 2 2/5 

(10 « 3x ♦ X - x"'^) at the point with x^coordinate x»“ 2 is 

iXi 



(b) °/5 (-u)"3/^ 

(c) ^ 

(d) undefined 




lit. The slope of the tangent line to the curve y » f(3c)“ 

(x = 3)^‘^^(x - X 5 3s at the point (Itsl) is 

(a) 1, 

(b) l/2 
(o) 5/6 
(d) l/3 

The equation of the tangent line to the curfe y “ f(x:)» 
v 46 - =li S X g at the point (O^W is 

(a) y «■ 2i fe* 0 

(b) y « 0 

(c) y X ^ li 

(d) X 4 y c 

16* The equation of the tangent line to the eurire y ^ f(x)« 
X at 5 X ^ is 



17 






(a) X 0 

(b) y « 

(c) y ^ 0 

(d) X e “5^ 



The equation of the tangent line to the curiae x 





0 ^ X S 2^ 0 < y < 2^ at (2^0) is 



(a) y ® 0 (x^axis) 

(b) y « 2 

(c) X « 0 (y-=>axis) 
( d) X « 2 



l8o At what point(s) would the tangent line to the cui rj y * 
2 

X • X - 12 be horizontal? 



(a) 

(b) 

(c) 

(d) 



(*”3pO) ^(l^O) 

( 0 , - 12 ) 

(1, -11) 




gl/s 



f(x)« 



The velocity at an Instant t^ the instantaneous velv.. 3ity^ can be 
expressed as a derivative « If f f(t) ^ where s is distance traveled 
by an object in t units of timej ^ the instantaneous velocity at the 
instant in time t^, is f'(t^)«^]p^ ^ 



19 o If s * f(t)*'^t^“ 9^? 3$ where s is the distance measured in 
miles and t the time measured in hours ^ find the instantaneous velo- 
city in miles per hour at time t^* 



(a) 

(b) l/a(7tj^^- 

(c) U(7t^^- 

(d) 9t.^* 

20, If s “ f(t)“(b^'^ 3)^ a where a an4 t are defined as above j find the 
instantaneous velocity in moPoho at time 1© 



(a) 256 

(b) 8 

(e) 5l2 

(d) 16 



21, itt what 5 . nt in time would a body whose position is given by the 

- ^ 

distance equation s ® f(t)« -3 + lOt - 3t% where s is the distance 
measured in feet and the time measured in seconds be momentarily at 



rest? 



(a) 1/3 sec» 

(b) 0 seco 

(c) 3. sec*, 

(d) 5/3 seco 



ERIC 



The d«rivati,ve of a -fanction can be as a xate of change 

io8o 'the of change of the func'tion ■with res'pe':.^ t-o tne -variaDle de- 
fining the fan:!tiono Thas^ if j ^ f{x) ^ is ^ change of 

y(o!r* f(x:)) with ‘^speat to :ifL9 

22.0 The perimeters of a squar'B^ expressed as a fa/iction oi the side 
length of the square is f(x)^ l+x® We know thaiU the periBSter of a 
square will change as its side length x change So Using the abo'«'« 
formula for the perimeter of a square (f (x) « w^) $ find the rate of 
change of tiie perimeter with respect to t'ne s:id"> length .x of 'tne square© 

(a) a 

( b) 0 

(c) 

(d) 2x^ 

23© The circomferBrice of a circle can b® expressed as a .'function of 
x^ the radius of the circleo The o.ircumferen:ie of a circle will change 
as its radius x changes© Using the appropriate formula for the circum- 
ference of a circle expressed In 'terms of its rad'ius .x^ find the rate 
of change o.f the circumference with respect to 'the radius x of the circle. 



(b) ZroL. 

(c) 2w 

(d) If 

2h» The area of a square can be expressed as a fc/nction of Xg 'the side 
length of the square. Using tne appropriate fonml.a fo,r the area of a 
square expressed in terms of i'ts side length x^ find the rate of change 
of the area witii respect to the side of the square© 

(a) 

(b) 2x^ 



(c) i{x 

(d) 2 



1 



o 






2^0 Proves If f(x)» k, where k is a constant^ 0* 

260 Does f'(“7) exist for the function f(x)« |x 4- 7(? Why? 

You may use a graph to explain your answer o 
27o If f(x)“ x^- lix ^ 7/x^'*' 2x - 3^ X / -3s Is f^(x^) in two 
ways and show that your answers are the same in both cases o 
28# Give an exan5)le of a function that is defined at all points but 
doesn^t have a derival^ive at all points* 



3 ^^ 
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